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1. INTRODUCTION

Fudenberg and Levine [1994] (FL) showed that the limit of the set of
perfectpublicequilibriumpayoffs of arepeatedgameasthediscountfactor
goesto onecanbecharacterizedby thesolutionof a family of staticlinear
programmingproblems. This result hasbeenappliedandextendedby a
numberof subsequentauthors,includingKandoriandMatsushima[1998],
Dellarocas[2003],andEly etal [2003].

The FL resultrequiresthat thesetof payoff vectorsobtainedby theal-
gorithm shouldhave “full dimension,” that is, the dimensionis equal to
the numberof long-runplayersin the game. This paperextendsthe lin-
earprogrammingcharacterizationto caseswherethis “full-dimensionality”
conditionfails, eitherbecauseof thepayoff structureof thestagegame,or
becauseof arestrictiontoequilibriumstrategieswhosecontinuationpayoffs
areonalower-dimensionalset.Weapplyourresultto threesuchrestrictions
from theliterature.The�rst applicationis to repeatedgameswith all long-
run playersandobserved actions,wherethe feasiblepayoffs in the stage
gamelie in a lower-dimensionalset.Thelinearprogrammingcharacteriza-
tion allowsusto generalizetheresultsof Abreuet al [1994],who assumed
a conditioncalledNEU conditionandof Wen [1994], who assumedthat
mixed strategiesare observed. The secondapplicationis to the strongly
symmetricequilibrium studiedby Abreu [1986] and Abreu et al [1986],
which restrictsthe continuationpayoffs to the one-dimensionalsetwhere
all players'payoffs areidentical. Thethird applicationis to therestriction
that all payoffs lie on a line segmentof the Paretofrontier, which we use
to derive a suf�cient conditionfor theexactachievability of �rst-best out-
comes.Equilibria of this type,for which all continuationpayoffs lie on the
Paretofrontier, have a strongrenegotiation-proofnessproperty: regardless
of thehistory, playerscanneverunanimouslypreferanotherequilibrium.

2. MODEL

Weconsiderarepeatedgamewith imperfectpublicmonitoringplayedby
long-runandshort-runplayers.We follow FL in thenotation.In thestage
game,eachplayeri = 1; : : : ;n simultaneouslychoosesapureactionai from
a �nite setAi . a 2 A � Õn

i= 1Ai inducesa publicly observedoutcomey 2 Y
with probabilitypy(a). Playeri's payoff to anactionpro�le a is gi(a). For
eachmixedactionpro�le a 2 A � Õn

i= 1Ai , wecaninducepy(a) andgi(a).
For i 2 LR� f 1; : : : ;Lg, L 6 n, i is a long-runplayerwhoseobjective is

to maximizetheaveragediscountedvalueof per-periodpayoffs f gi(t)g,

(1� d)
¥

å
t= 1

dt� 1gi(t):
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Theremainingplayersj 2 SR� f L+ 1; : : : ;ng representshort-runplayers,
eachof whomplaysonly once.Let

B: A1 � � � � � AL ! AL+ 1 � � � � � An

bethecorrespondencethatmapsany mixedactionpro�le aLR = (a1; : : : ;aL)
for thelong-runplayersto thecorrespondingstaticequilibriaaSR= (aL+ 1; : : : ;an)
for theshort-runplayers.That is, for eacha 2 graph(B) � f (aLR;aSR) 2
A j aSR2 B(aLR)g andeachj = L+ 1; : : : ;n, a j maximizesg j (a0

j ;a � j ).
Let A0 bea subsetof graph(B). We focuson A0-perfectpublic equilib-

ria: strategy pro�les in which all playerschooseactionpro�les from A0,
dependingonly on the public history, and in which following every pub-
lic history theremainingpublic strategy pro�le formsa Nashequilibrium.
Notethatanactionpro�le speci�ed by anequilibriumbelongsto A0 even
afteranoff-pathhistory, but thateachplayer's deviationsfrom theequilib-
rium neednotbein A0. E(A0;d) is thesetof averagepresentvaluesfor the
long-runplayersin A0-perfectpublic equilibria. We will characterizethe
limit of E(A0;d) without the“full-dimensionality” condition.

3. ALGORITHM

We�x A0 throughoutthissection.Wede�ne thesequenceX0;Q0;X1;Q1;X2;Q2; : : :
whereXm areaf�ne subspacesof RL andQm arecompactconvex subsetsof
Xm by thefollowing procedure.Let X0 = RL. Let gLR(a) denotethevector
of payoffs for long-runplayersonly. For given Xm, we considera linear
programmingproblemfor given a 2 A0 with gLR(a) 2 Xm, l 2 RL nf 0g
parallelto Xm, andd 2 (0;1):

km(a; l ;d) = max
v;w

l � v subjectto

(a) vi = (1� d)gi(ai;a � i) + d å
y2Y

py(ai;a � i)wi(y)

for i 2 LR andai 2 Ai s.t. a i(ai) > 0,

(b) vi > (1� d)gi(ai;a � i) + d å
y2Y

py(ai ;a � i)wi(y)

for i 2 LR andai 2 Ai s.t. a i(ai) = 0,

(c) l � v > l � w(y) for y 2 Y,

(d) w(y) 2 Xm for y 2 Y.

If thereis no(v;w) thatsatis�esconstraints(a)-(d),thenwesetkm(a; l ;d) =
� ¥ . Note that k0(a; l ;d) correspondsto k� (a; l ;d) in FL. Similarly to
Lemma3.1 (i) in FL, km(a; l ;d) is independentof d, andthusdenotedby
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km(a; l ).1 Set

km(l ) = sup
a2A0;gLR(a)2Xm

km(a; l );

Hm(l ) = H(l ;km(l )) ;

Qm =
\

l 2RLnf 0g: parallelto Xm

Hm(l ) \ Xm;

whereH(l ;k) = f v 2 RL j l � v 6 kg. If Qm = /0 or Qm is asingletonwhose
elementdoesnot correspondto a staticequilibrium in A0, we stoptheal-
gorithmandde�ne Q� (A0) = /0.2 If Qm is a singletonconsistingof a static
equilibriumpayoff pro�le in A0 or we havedimQm = dimXm, we stopthe
algorithmandde�ne Q� (A0) = Qm. Otherwise,let Xm+ 1 betheaf�ne hull
of Qm, which is thesmallestaf�ne spaceincludingQm, andwe againsolve
a linearprogrammingproblemafterXm is replacedby Xm+ 1.

Note that every time the algorithmcontinues,the dimensionof Xm de-
creasesby at least1, sothealgorithmstopsin a �nite numberof steps.

As is standardin this literature,payoff pro�le v is thetarget thatwill be
supportedby someequilibrium,andthe functionw givesthecontinuation
payoffs w(y) startingtomorrow if the currentoutcomeis y. Constraints
(a) are the accountingidentitiesthat de�ne the expectedpayoff pro�le v,
andconstraints(b) are the incentive constraints,requiring that playing a
maximizesexpectedpayoff providedthatcontinuationpayoffs aregivenby
w. Constraints(c) requirethatall of thecontinuationpayoffs areincluded
in the half-spacede�ned by v and l ; loosely speaking,the continuation
payoffs arenot allowedto be“better” (in thel direction)thanv is.

Eachstepof this algorithmdiffers from FL's only in constraints(d) and
A0. Constraints(d) requirethatall of thecontinuationpayoffs areincluded
by the af�ne hull of Qm� 1 in the previous step,andA0 is a restrictionon
equilibriumactionpro�les. In thecaseof A0 = graph(B), the �rst stepof
thealgorithmis exactly thesameasFL's linearprogrammingproblem.Ac-
tually, Q0 is equalto whatFL call Q. If we assumethefull dimensionality
of Q, that is, dim Q = L, thenthealgorithmstopsat the �rst step,andwe
haveQ� (graph(B)) = Q.

By this algorithm,we obtainthe limit of A0-perfectpublic equilibrium
payoffs, which is a generalizationof Theorem3.1 in FL.

1Weshouldpointout thattheconditiongivenin FL Lemma3.1(iii) is suf�cient but not
necessaryfor k� (a; l ) = l � gLR(a); FL incorrectlyassertthattheconditionis necessaryas
well. The conditionis only necessaryunderthe additionalassumptionthat all outcomes
havepositiveprobabilityundera.

2Qm = /0 is possibleonly if A0 containsnostaticequilibrium.
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Let E� (A0;d) bethesetof A0-perfectpublicequilibriumpayoff pro�les
whenpublic randomizationdevicesareavailableat the beginning of each
period.E� (A0;d) is a boundedconvex setthatcontainsE(A0;d).

Theorem. E� (A0;d) � Q� (A0) for any d. If Q� (A0) 6= /0, then for any
compactsetK in therelativeinterior of Q� (A0), thereexistsd̄< 1 such that
K � E(A0;d) for anyd> d̄.3 Hencelimd! 1E(A0;d) = limd! 1E� (A0;d) =
Q� (A0).

Proof. We show that E� (A0;d) � Qm for any m by induction. Suppose
that E� (A0;d) � Xm, andwe show that E� (A0;d) � Qm � Xm+ 1. If not,
sinceE� (A0;d) is bounded,we may �nd a positive numbere> 0, a point
v 2 E� (A0;d), andaunit vectorl 2 RL nf 0g parallelto Xm suchthatl � v =
k > km(l ) + [(1� d)=d]eandE� (A0;d) � H(l ;k+ e). Thenv is writtenas

v =
Z 1

0
v(w) dw;

where, for almostevery realizationw 2 [0;1] of a public randomization
device,v(w) is enforceablewith somecurrentactionpro�le a(w) 2 A0 and
continuationpayoff pro�les w(y;w) in E� (A0;d) � H(l ;k+ e) \ Xm. Since
v(w) 2 E� (A0;d) � Xm, we have gLR(a(w)) 2 Xm. Pick w 2 [0;1] such
thatl � v(w) > k. For this w, by shifting payoff pro�les independentlyof y,
wecanenforcetheshiftedtargetpayoff pro�le v0(w) = v� [(1� d)=d]el by
a(w) andw0(y;w) = w(y;w) � (1=d)el 2 H(l ;k0) \ Xm, wherek0= k� [(1�
d)=d]e > km(l ). So the scorel � v0(w) > k0 is attainedwith continuation
payoff pro�les in H(l ;k0) \ Xm, whichcontradictsthede�nition of km(l ).

If Q� (A0) is set to be the empty set because,at somestepof the al-
gorithm,Qm is a singletonwhoseelementdoesnot correspondto a static
equilibriumin A0, then,sincethereis no staticequilibriumin A0 andcon-
tinuationpayoffs needto be constant,we have E� (A0;d) = /0 = Q� (A0).
Otherwise,wehaveE� (A0;d) � Qm = Q� (A0) for somem.

Now supposethatQ� (A0) 6= /0, andlet K beacompactsetin therelative
interiorof Q� (A0). Wewill show thatK � E(A0;d) for all suf�ciently large
d. If Q� (A0) is a singleton,thenE(A0;d) = Q� (A0) for any d. Otherwise,
letX� betheaf�ne hull of Q� (A0). ThentheproofdiffersfromFL'soriginal
onemainly in thatweusetherelativetopologyinducedonX � insteadof the
standardtopologyon RL.4 SinceK is a compactsetin therelative interior
of Q� (A0), thereexists a smooth,convex, andcompactsetW � K in the

3Therelative interiorof asubsetSof RL is theinteriorof Sunderthetopologyinduced
on theaf�ne hull of S.

4Our proof alsodiffersbecauseit doesnot assumetheexistenceof staticequilibria in
A0.
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relative interior of Q� (A0). We show thatW � E(A0;d) for suf�ciently
larged. SinceW is compactandconvex, it is enoughto show thatfor each
v 2 W, thereexist d < 1 anda relatively openneighborhoodU of v with
U � P(A0;d;W), whereP(A0;d;W) is thesetof payoff pro�les generated
by somea 2 A0 andW (Fudenberg etal [1994,Lemma4.2]).

First, supposethatv is on therelative boundaryof W. Let l beparallel
to X� andnormaltoW atv. Let k = l � v, andlet H = H(l ;k) betheunique
half-spacein thedirectionof l suchthatH \ X � containsW andits relative
boundaryis tangenttoW atv. SinceW is in therelative interiorof Q� (A0),
thereexists an action pro�le a 2 A0 with gLR(a) 2 X� that generatesa
point v02 X� with l � v0> k usingcontinuationpayoffs in H(l ; l � v0) \ X� .
Then, for somed0< 1 ande > 0, (a;v) canbe enforcedwith respectto
H(l ;k � e) \ X� .

Second,supposethatv is in therelative interiorof W. Pickany l parallel
to X� . Let k = l � v andH = H(l ;k). Similarly to theaboveargument,there
existsa 2 A0 suchthat,for somed0< 1 ande> 0, (a;v) canbeenforced
with respectto H(l ;k � e) \ X � .

For any d00> d0, we may�nd w(y;d00) thatenforce(a;v) andk̄ > 0 such
that

w(y;d00) 2 H
�

l ;k �
d0(1� d00)
d00(1� d0)

e
�

\ X� ;

andjw(y;d00) � vj < k̄(1� d00).
Considertheball U(d00) aroundv of radiusk̄(1� d00) in X� . SinceW is

smoothin X� , for d00suf�ciently closeto 1 thereexists k̃ > 0 suchthat the
differencebetweenH \ X � andH \ W in U(d00) is at most k̃(1 � d00)2. It
follows that thereexistsd < 1 suchthat(a;v) canbeenforcedby continu-
ationpayoffs w(y;d) in the relative interior of W. Sincew(y;d) arein the
relative interior, they maybetranslatedby a smallconstantindependentof
y generatingincentive compatiblepayoffs in a relative neighborhoodU of
v. �

Remark.OurTheoremshowsthatallowing public randomizationsdoesnot
changethe limit set. For a �x edd, however, E� (A0;d) maybe larger than
E(A0;d).

Severalotherchoicesof how to determinethesetsXm leadto thesame
resultQ� (A0). Forexample,atthebeginningof the�rst step,wecanchoose
X0 to beany af�ne subspaceof RL thatcontainsgLR(a) for every a 2 A0.
If 1 6 dimQm < dimXm, thenwecanmove to thenext stepwith any af�ne
subspaceXm+ 1 of Xm thatcontainsQm.
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FIGURE 4.1. A three-player game in Fudenberg and
Maskin[1986]

1,1,1 0,0,0
0,0,0 0,0,0

0,0,0 0,0,0
0,0,0 1,1,1

It is easyto extendthis theoremto gameswith in�nitely many pureac-
tions.5 However, allowing in�nitely many signalswould involve measure-
theoreticcomplicationsthatarebeyondthescopeof thispaper.

4. APPLICATIONS

4.1. Fudenberg and Maskin' s Example. To illustratethe algorithm,we
applyit to theexampleFudenberg andMaskin[1986] usedto motivatethe
full dimensionalitycondition.WesetL = n= 3,sothattherearethreelong-
runplayersandnoshort-runplayers,setY = A = f 0;1g3, andsetpy(a) = 1
if andonly if y = a, so that the signalperfectlyrevealsthe actionpro�le.
Stagegamepayoffs aredepictedin Figure4.1.

Let A0 = A andX0 = R3, andsolve the �rst stepof our algorithm. By
a simplecomputation,we have Q0 = f (x;x;x) j 0 6 x 6 1g. SinceQ0 has
a lowerdimensionthanX0, we setX1 = f (x;x;x) j x 2 Rg andmove to the
secondstepof ouralgorithm.

In thesecondstep,we have two directionsparallelto X1 (up to positive
constants),1 = (1;1;1) and� 1 = (� 1; � 1; � 1). We �rst considerthecase
of l = � 1. Fix any a. As Fudenberg andMaskin show, for any a, there
exist a playeri andanactionai suchthatgi(ai;a � i) > 1=4. Since(v;w) in
thelinearprogrammingproblemsatis�esconstraints(a) and(b), we have

vi > (1� d) �
1
4

+ då
y

py(ai ;a � i)wi(y):

SincegLR(a) 2 X1 andw(y) 2 X1 for any outcomey by constraints(d),
it follows from constraints(a) that v 2 X1 as well. Then, since� 3vi =
(� 1) � v > (� 1) � w(y) = � 3wi(y) for any outcomey by constraints(c), we
have

vi > (1� d) �
1
4

+ då
y

py(ai;a � i)wi(y) > (1� d) �
1
4

+ dvi ;

5Theproofcarriesoververbatimaslongasstage-gamepayoff functiongi isboundedfor
every playeri, “max” is replacedby “sup” in thede�nition of km(a; l ;d), andconstraints
(a) arerequirednot only for every ai with positive point massbut alsofor almostevery ai
with respectto a i .
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andhencevi > 1=4. Therefore,wehavek1(a; � 1) 6 � 3=4 for any a. Since
theequalityholdswheneachplayermixesthetwo actionswith equalprob-
ability, we have k1(� 1) = � 3=4 andH1(� 1) = H(� 1; � 3=4). We also
haveH1(1) = H(1;3) by asimplecomputation.

SinceQ1 = H1(1) \ H1(� 1) \ X1 = f (x;x;x) j 1=46 x6 1ganddimQ1 =
1= dimX1, westopthealgorithmandconcludethatQ� (A) = Q1 is thelimit
setof subgame-perfectequilibriumpayoffs asd ! 1.

The sameresult is obtainedby Fudenberg andMaskin [1986] andWen
[1994]. Fudenberg and Maskin determinethe limit set by a direct com-
putationin thisspeci�c game,whereasWenuseseffectiveminimaxvalues.
Wen'smethodis applicableto repeatedgameswith perfectmonitoringwith-
out thefull dimensionalitycondition.Notethatour algorithmis evenmore
general,asweadmitimperfectpublicmonitoringandshort-runplayers.

4.2. Characterization of the Limit Payoffs in General Stage Games
with Observed Actions and All Long-Run Players. Considerrepeated
gameswith perfectmonitoringandwithoutshort-runplayers,thatis,Y = A,
py(a) = 1 if andonly if y = a, andn = L. WeassumethatA0 � Ap � f a 2
A j a(a) = 1 for somea 2 Ag, i.e.,A0 containsall pureactionpro�les.

We assumethat no player is universally indifferent: for every player i,
thereexist two actionpro�les a, a02 A suchthatgi(a) 6= gi(a0). Playersi
and j have equivalentutility functionsif thereexist c 2 R andd > 0 such
thatg j (a) = c+ dgi(a) for all a 2 A. Denoteby I +

i thesetof playerswhose
utility functionsareequivalentto gi . Similarly, denoteby I �

i thesetof play-
erswhoseutility functionsareequivalentto � gi . Thestagegamesatis�es
thenonequivalentutilities (NEU)conditionif I +

i = f ig for all i (Abreuetal
[1994]).

Playeri'seffectiveminimaxpayoff is givenby

vi(A
0) = inf

a2A0
maxf gi(a j ;a � j ) j j 2 I+

i ;a j 2 A j ; or j 2 I �
i ;a j 2 A j s:t: a j (a j ) > 0g:

If A0 is compact,thenthe in�mum operatorcanbe replacedby the min-
imum operatorbecausetheobjective function is lower semi-continuousin
a.

Herewe compareour effective minimaxpayoff with thestandardmini-
maxpayoff

vs
i (A

0) = inf
a2A0

maxf gi(ai ;a � i) j ai 2 Aig;

andWen's [1994]effectiveminimaxpayoff

vWen
i (A0) = inf

a2A0
maxf gi(a j ;a � j ) j j 2 I+

i ;a j 2 A jg:

Proposition4.1. Wehavethefollowingrelationsbetweentheeffectivemin-
imaxandWen'seffectiveminimax:
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FIGURE 4.2. A gamein which vWen
1 (A) < v1(A)

0;0;0 3;3; � 3
2;2; � 2 4;4; � 4

4;4; � 4 2;2; � 2
3;3; � 3 4;4; � 4

(1) vs
i (A

0) 6 vWen
i (A0) 6 vi(A0).

(2) vWen
i (A0) = vi(A0) if A0 = Ap or I �

i = /0.
(3) vs

i (A
0) = vi(A0) if (A0 = Ap or A) andtheNEU conditionis satis-

�ed.

Proof. Parts1 and2 areobvious.Part3 is alsoobvious,exceptfor thecase
in which A0 = A, the NEU condition is satis�ed, andI �

i 6= /0. Sincethe
NEU conditionis satis�ed andI �

i 6= /0, I �
i is a singletonf jg. Let a �

� i be
a minimax actionpro�le againstplayer i, anda �

i is a maximin actionof
playeri againstplayer j whentheotherplayers'actionpro�le is �x edto be
a �

� i j . By theminimaxtheorem,(a �
i ;a �

j ) is a Nashequilibriumof thegame
betweenplayersi and j whentheotherplayersplaya �

� i j . Sincea �
i is abest

responseto a �
� i for playeri, we have gi(ai ;a �

� i) 6 gi(a � ) for any ai 2 Ai.
Also, sincea �

j is a bestresponseto a �
� j for player j, player j is indifferent

amongall pureactionstakenwith positive probabilitiesundera �
j , i.e., we

have g j (a j ;a �
� j ) = g j (a � ) for any a j 2 A j suchthat a �

j (a j ) > 0. Since
j 2 I �

i , we havegi(a j ;a �
� j) = gi(a � ) for any a j 2 A j suchthata �

j (a j) > 0.
Therefore,wehavevi(A) 6 gi(a � ) = vs

i (A). �

Example. We may have vWen
i (A0) < vi(A0). Considerthe stagegamein

Figure4.2. Notethat I+
1 = f 1;2g andI �

1 = f 3g. We have vWen
1 (A) = 5=2,

wherethesolutiona to Wen's minimaxproblemis suchthatplayers1 and
2 choosethe �rst actions,andplayer3 mixesthe two actionswith equal
probability. We alsohave v1(A) = 3, wherethesolutiona to our minimax
problemis suchthatplayers1 and3 choosethe �rst actions,andplayer2
choosesthe�rst actionwith probabilitymorethanor equalto 1=2.

LetV bethesetof feasiblepayoff pro�les, i.e.,theconvex hull of f g(a) 2
Rn j a 2 Ag. Let

V(A0) = f v 2 V j vi > vi(A0) for everyplayerig;

V � (A0) = f v 2 V j vi > vi(A0) for everyplayerig

be the setsof feasiblepayoff pro�les that weakly andstronglydominate
v(A0), respectively.
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Proposition4.2. Q� (A0) � V(A0). If V � (A0) 6= /0, thenQ� (A0) = V(A0).

Abreu et al [1994] showed the folk theoremunderthe NEU condition,
which correspondsto Proposition4.2 when(A0 = Ap or A) andtheNEU
conditionis satis�ed. Wen [1994] showedthepure-strategy folk theorem,
whichcorrespondsto Proposition4.2for A0 = Ap.6 Theseclassicalresults
arestrongerthanProposition4.2 in the following sense.They show that
E(Ap;d) � V(Ap) for any d, andthat,for any v2 V � (Ap), thereexistsd< 1
suchthatv 2 E(Ap;d) (exactlyattainedasanequilibriumpayoff pro�le) for
any d > d. Ontheotherhand,combinedwith ourTheorem,Proposition4.2
claimsthatany pointv 2 V(Ap) is approximatelyattainedasanequilibrium
payoff pro�le. SeeSubsection4.4for adiscussionof theexactattainability
of ef�cient payoffs.

We will show Proposition4.2by executingour algorithmexplicitly. Let
X be the af�ne hull of V. We have dimX > 1 becauseof the absenceof
universalindifference.A vectorl 2 Rn nf 0g parallelto X is saidto be a
punishmentdirectionfor player i if thereexist c 2 R andd > 0 suchthat
l � v = c� dvi for every v 2 X. If l is a punishmentdirectionfor playeri,
thenwehaveH(l ; l � v) \ X = f v02 X j v0

i > vig.

Lemma 4.3. There existsa punishmentdirectionfor playeri.

Proof. Let l be the projectionof � ei to X, whereei is the vectorwhose
ith componentis 1 andwhoseothercomponentsare0. l is nonzerosince
playeri is not universallyindifferent. By construction,l is a punishment
directionfor playeri. �

Let Xi = f vi 2 R j v 2 Xg andXi j = f (vi ;v j) 2 R2 j v 2 Xg betheprojec-
tionsof X to thei-axisandto thei j-plane,respectively.

Lemma 4.4. Xi = R; if j =2 I+
i [ I �

i , thenXi j = R2 .

Proof. Xi is anonemptyaf�ne subspaceof R, i.e.,apointor R. Sinceplayer
i is not universallyindifferent,Xi containsat leasttwo points. Sowe have
Xi = R.

6As wenotedin theexample,in theclassof mixed-strategy subgame-perfectequilibria
(A0 = A), Wen's de�nition of effective minimax may be lower thanours. In this case,
theeffective minimaxvaluein his de�nition is not a tight lower boundfor mixed-strategy
subgame-perfectequilibriumpayoffs. Wen assumesthat mixed strategiesareobservable
andconstructsequilibria with payoffs as low asvWen

i (A) in generalgames.Our results
show that the assumptionthat mixed strategiesareobservableis not innocuousin cases
wheretheNEU conditionis not satis�ed. Intuitively, inducingplayersto randomizewhen
mixing probabilitiesarenot observedrequirestheuseof continuationpayoffs to make the
player indifferent, and in the absenceof the NEU condition, it may not be possibleto
induceplayersto randomizewithout rewardingtheopponentthey aretrying to “punish.”
Seefootnote11 in Abreuet al [1994].



PERFECTPUBLIC EQUILIBRIUM WHEN PLAYERS ARE PATIENT 10

Xi j is a nonemptyaf�ne subspaceof R2, i.e., a point, a line, or R2; and
from the previous stepXi j is not a point or a vertical or horizontal line.
Since j =2 I+

i [ I �
i , Xi j is nota line with anonzeroslope,soXi j = R2. �

Wealsohave

Lemma 4.5. A mixedactionpro�le a andplayer i' s payoff vi are enforce-
able with respectto f v0 2 X j v0

i > vig if and only if vi > gi(a j ;a � j) for
any j 2 I+

i andanya j 2 A j and for any j 2 I �
i andanya j 2 A j such that

a j(a j ) > 0.

Proof. SeetheAppendix. �

Lemma 4.6. If l is not a punishmentdirectionfor player i, then,for any
(x;k) 2 R2, thereexistsv 2 H(l ;k) \ X such that vi 6 x.

Proof. Sincel is not a punishmentdirectionfor playeri, l � v and� vi are
linear utility functionsthat representdifferentpreferenceorderingson X.
Thenthereexist v1, v2 2 X suchthat (i) l � v1 > l � v2 andv1

i > v2
i , or (ii)

l � v1 > l � v2 andv1
i = v2

i .
In case(i), pick any v3 2 H(l ;k) \ X, andlet v = v3 � c(v1 � v2). Then

wehavev 2 H(l ;k) \ X andvi 6 x for asuf�ciently largec.
In case(ii), pick any v4, v5 2 X suchthatv4

i > v5
i , andlet ṽ1 = v1+ e(v4 �

v5). It follows from Lemma4.4thatsuchv4 andv5 exist. For a suf�ciently
smalle> 0, we have l � ṽ1 > l � v2 andṽ1

i > v2
i . Thuswe canapplycase(i)

to thepair (ṽ1;v2). �

Lemma 4.7. If l is not a punishmentdirectionfor anyplayer, then,every
pure strategy pro�le a 2 A and the correspondingpayoff pro�le v = g(a)
areenforceablewith respectto H(l ; l � v) \ X.

Proof. De�ne w(a0) 2 H(l ; l � v) \ X for eacha02 A asfollows:
� If thereexists a uniqueplayer i suchthat a0

i 6= ai, then, because
of Lemma4.6, we canconstructa suf�ciently strongpunishment
for player i by settingw(a0) 2 H(l ; l � v) \ X suchthat wi(a0) 6
[vi � (1� d)gi(a0

i;a� i)]=d.
� If a0= a or a0

j 6= a j for at leasttwo playersj, thenlet w(a0) = v.

Then(a;v) is enforcedby w. �

Lemma 4.8. If V � (A0) 6= /0, thendimV � (A0) = dimX.

Proof. Hereweusetherelative topologyinducedto X. SupposeV � (A0) 6=
/0. Thenthereexists a relative interior point v of V suchthat v 2 V � (A0).
Otherwise,V nV � (A0) is aclosedpropersubsetof V thatcontainsthewhole
relativeinteriorof V. Thiscontradictsthefactthattheclosureof therelative



PERFECTPUBLIC EQUILIBRIUM WHEN PLAYERS ARE PATIENT 11

interior of compactandconvex setV is equalto V. SinceV nV � (A0) is
closed,v is alsoa relative interior point of V � (A0), soV � (A0) andX have
thesamedimension. �

Now wecanproveProposition4.2asfollows.

Proof. We useour algorithmwith the constraintX0 = X on continuation
payoff pro�les at the �rst step. SinceA0 � Ap, it follows from Lemmas
4.3, 4.5, and4.7 thatwe have Q0 = V(A0). Therefore,we have Q� (A0) �
V(A0).

If V � (A0) 6= /0, then,by Lemma4.8, we have dimQ0 = dimX0. We stop
thealgorithmat the�rst step,andobtainQ� (A0) = V(A0). �

4.3. Symmetry Assumptions.

4.3.1. StronglySymmetricEquilibria. Assumethatthestaticgameis sym-
metric for long-runplayers,i.e., A1 = � � � = AL andgi(a) = g j (a0) for any
i; j 2 LRanda;a02 A if ai = a0

j , a0
LR is apermutationof aLR, andaSR= a0

SR.
Thesignalstructureis alsosymmetric,i.e., py(a) = py(a0) if a0

LR is a per-
mutationof aLR, andaSR= a0

SR.
A strategy pro�le is stronglysymmetric(for long-runplayers)if all long-

runplayerstakethesameactionaftereveryhistory. In thiscasewetakeA0

to bethesetAs of symmetricmixedactionpro�les for thelong-runplayers
in graph(B), anddenoteby Qs the resultQ� (As) of our algorithm under
the restrictionof As. Our Theoremcancharacterizethe limit of E(As;d)
by Qs. Set X0 = f (x; : : : ;x) 2 RL j x 2 Rg, and computeQ0 in the �rst
stepof our algorithm.SinceAs containsat leastonestaticequilibrium,we
haveQ0 6= /0. No matterwhetherQ0 is asingleton(whichmustbeaunique
symmetricstaticequilibriumpayoff) or one-dimensional,wehaveQs = Q0.
Sincecontinuationpayoffsarerestrictedto besymmetric,Qs maybestrictly
smallerthanFL's Q without any restrictionon continuationpayoffs. This
correspondsto Abreuetal's [1986]analysisfor larged.

As acorollaryof ourTheorem,wehave thefollowing.

Corollary 4.9. Qs = limd! 1E(As;d). Thatis, Qs is thelimit asd goesto 1
of stronglysymmetricequilibriumpayoffswith discountfactord.

4.3.2. Partially SymmetricEquilibria. We canconsiderpartially symmet-
ric equilibria. Supposethat long-runandshort-runplayersaredividedinto
several groups,for example,buyersandsellers. The players' payoffs are
symmetricwithin groups,butmaybeasymmetricbetweengroups.Thenwe
canrestrictourattentionto partiallysymmetricequilibriawheretheplayers
behave symmetricallywithin groups. As in the caseof stronglysymmet-
ric equilibria,let X0 bethesetof payoff pro�les symmetricwithin groups.
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Then,we canexecutethe�rst stepof our algorithm,in which continuation
payoffs areconstrainedto besymmetricwithin groups.

Note that theFL result,on theonehand,cannotapply to partially sym-
metricequilibriawhenthereareL � 1 or lessgroupsbecauseQ0 doesnot
satisfythe full-dimensionalitycondition. On theotherhand,it is possible
to applyAbreuet al's [1990] resultandobtainthesetof partially symmet-
ric equilibria for any �x edd, but whenthenumberof groupsfor long-run
playersis 2 or more,it is dif�cult andsometimespracticallyinfeasibleto
computethe setP(A0;d;W) generatedby W for any nonlinearconstraint
W on continuationpayoff pro�les. By contrast,ouralgorithmis applicable
andrelatively easyto carryout.

4.4. Exact Achievability of First-Best Outcomes. In the caseof A0 =
graph(B) andX0 = RL, FL showedthat,undertheassumptionof dimQ0 =
L, for any compactsetK in the interior of Q0, thereexists d̄ < 1 suchthat
K � E(graph(B);d) for any d > d̄. Underanidenti�ability condition,Q0 is
a full-dimensionalsetcontainingall payoff pro�les thatPareto-dominatea
staticequilibrium(Fudenberg et al [1994,Theorem6.1]). Whenthis iden-
ti�ability condition is satis�ed, someef�cient payoff pro�les can be ap-
proximatedby equilibrium payoff pro�les as the discountfactor tendsto
1, even if the actionsareimperfectlyobserved. However, this conclusion
leavesopenthequestionof whetheragivenef�cient payoff vectorv canbe
exactlyattainedby anequilibriumpayoff for somelargebut �x edd.

RecentlyAthey andBagwell [2001] have providedsuf�cient conditions
for theexactachievability of �rst-best payoffs in a repeatedduopolygame.
OurTheoremleadsto thefollowing generalizationof theiranalysis.

Let V be the convex hull of f gLR(a) 2 RL j a 2 graph(B)g, let h be a
hyperplanetangentto V, and let Ah = f a 2 graph(B) j gLR(a) 2 hg. To
achieve a payoff pro�le in h, it is necessaryfor theplayersto take actions
in Ah at any on-pathhistory (a public history which occurswith positive
probability). As an extremecase,if V \ h is a singletonf vg, thenexactly
achieving v requiresastringentcondition(Fudenberg etal [1994,Theorem
6.5]).

Here we sketch how to obtain a suf�cient condition for exact achiev-
ability. By our algorithm,we cancharacterizethe limit of E(Ah;d).7 Let

7Imposingtherestrictionof Ah on off-pathplay doesnot losemuchgenerality. If the
full supportconditionholdsfor Ah, i.e., py(a) > 0 for any a 2 Ah andy 2 Y, thenthere
is no off-pathpublic history, andhenceany perfectpublic equilibrium which achievesa
payoff pro�le in h is alwaysanAh-perfectpublicequilibrium.Moreover, if thefull support
conditionis notsatis�edbut thereis aninef�cient staticequilibrium,wecaneasilymodify
our argumentby analyzingon- and off-scheduledeviations separately. SeeAthey and
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X0 = h. We computethe algorithm until we �nally obtain Q� (Ah). We
denoteit by Qh.

OurTheoremimpliesthefollowing.

Corollary 4.10. If Qh 6= /0, then the relative interior of Qh is nonempty,
and for any relative interior point v of Qh, there exists d̄ < 1 such that
v 2 E(Ah;d) for anyd > d̄.

Equilibria in Qh have thepropertythat thereis no historywhereplayers
unanimouslyprefersomeotherfeasibleoutcometo thecontinuationpayoffs
prescribedby the equilibria. This is a very strongform of renegotiation-
proofness,andimplies that the equilibria arestronglyrenegotiation-proof
in thesenseof Farrell andMaskin[1989].

In the caseof two-playergames,we can give a simple necessaryand
suf�cient conditionfor Qh to benonempty. Fix two pureactionpro�les a1

anda2 whosepayoff vectorsg1 = g(a1) andg2 = g(a2) areon thePareto
frontier. Supposethatgi

i < g j
i for i 6= j, sothatai is worsefor playeri than

a j . Let h = f v 2 R2 j b1v1 + b2v2 = gg with (b1;b2;g) = (g1
2 � g2

2;g2
1 �

g1
1;g2

1g1
2 � g1

1g2
2) betheline connectingg1 andg2. Notethatb1, b2 > 0. We

assumeAh = f a1;a2g for simplicity, i.e.,nopayoff pro�le otherthang1 and
g2 attainsh.8 WefocusonAh-perfectpublicequilibria.

Let gii = (gii
i ;gii

j ) 2 h be de�ned by gii
i = maxai gi(ai ;ai

j) andgii
j = (g�

bigii
i )=b j . Let ` = f v 2 h j g11

1 6 v1 6 g22
1 g. ` is theemptysetif g11

1 > g22
1 ,

anda line segmentif g11
1 < g22

1 . (If g11
1 = g22

1 , then` is a point.)
Similarly, let gi j = (gi j

i ;gi j
j ) 2 h be de�ned by gi j

j = maxa j6= ai
j
g j (a j ;ai

i)

andgi j
i = (g� b jg

i j
j )=bi.

De�nition. The signalstructurep hasperfectdetectabilityfor player i if
thesetY of outcomescanbepartitionedinto Yi , Yii , andYi j suchthatfor

pi(a) � å
y2Yi

py(a); pii (a) � å
y2Yii

py(a); pi j (a) � å
y2Yi j

py(a);

thereexist wi , wi j > 0 suchthat
(1) pii (ai) < 1 andpi(ai)wi + pi j (ai)wi j = gii

i � gi
i ,

Bagwell[2001]. Notealsothatallowing off-pathplaynot in Ah destroystherenegotiation-
proofnesspropertyof theequilibria.

8Ah = f a1;a2g if a1
i 6= a2

i for bothplayersi andno threepureactionpayoff pro�les lie
ona line. Thelatterconditionis satis�edin generic�nite stagegames,but not in duopoly
gameswhereboth �rms producehomogeneousgoodswith a commonconstantmarginal
cost. If Ah ) f a1;a2g, thentheconditionof g11

1 > g22
1 in Part 1 of Proposition4.11is not

suf�cient for Qh to beempty. Theremaybeanequilibriumwhichprescribesactionpro�les
in Ah nf a1;a2g aftersomehistory.
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(2) pii (ai;ai
j ) = 1 for any ai 6= ai

i , and

(3) pi(a j ;ai
i)w

i + pi j (a j ;ai
i)w

i j > gii
i � gi j

i for any a j 6= ai
j .

If p is perfectmonitoring(i.e., Y = A andpy(a) = 1 if andonly if y =
a), thenp hasperfectdetectabilityfor playeri by settingYi = f aig, Yii =
f (ai;ai

j) j ai 6= ai
ig, Yi j = f a j a j 6= ai

jg, wi = gii
i � gi

i , andwi j = max(gii
i �

gi j
i + 1;0).

Proposition 4.11. Supposethat neithera1 nor a2 is a staticNashequilib-
rium.

(1) If g11
1 > g22

1 , thenQh = /0 underanysignalstructure, andthere is no
Ah-perfectpublicequilibriumfor anyd.

(2) If g11
1 < g22

1 , thenfor anysignalstructurep with perfectdetectabil-
ity for the both players and any compactline segmentin the rel-
ative interior of `, there exists e > 0 such that Qh is a nonempty
setcontainingthe line segmentunderany signal structure p̃ such
that maxy;a jpy(a) � p̃y(a)j < e; so there existsd̄ < 1 such that v 2
E(Ah;d) for anyd > d̄.

Proof. seeAppendix. �
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APPENDIX A. PROOFS

A.1. Proof of Lemma 4.5. We usethe following lemmain the proof of
Lemma4.5 below to dealwith indifferenceconditionsfor playersin J =
I+
i [ I �

i . Fudenberg andMaskin [1990, Lemma2] prove the sameresult
for thecaseof two players.For notationalconvenience,for a givenmixed
actionpro�le a, takeSj = f a j 2 A j j a j (a j) > 0g, S= Õ j2J Sj , s = aJ, and
u(s) = gi(s;a � J).

Lemma A.1. If s j (sj ) > 0 andx > u(sj ;s � j ) for all j 2 J andall sj 2 Sj ,
thenthereexists f : S! R such that f (s) > x for all s2 Sand

x = (1� d)u(sj ;s � j ) + d å
s� j2S� j

s � j (s� j ) f (s)

for all j 2 J andall sj 2 Sj .

Proof. We will show the existenceof f algorithmically. Let S0
j = Sj and

r0
j (sj ) = [x� (1� d)u(sj ;s � j )]=d for eachj 2 J andeachsj 2 Sj . For each

stepm= 0, 1; : : :, we de�ne

pm
j = å

sj2Sm
j

s j (sj ); pm = Õ
j2J

pm
j ; pm

� j =
pm

pm
j

;

xm = min

(
rm

j (sj)

pm
� j

j j 2 J;sj 2 Sm
j

)

;

Sm+ 1
j = Sm

j n

(

sj 2 Sm
j j

rm
j (sj )

pm
� j

= xm

)

;

rm+ 1
j (sj) = rm

j (sj) � (pm
� j � pm+ 1

� j )xm:
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Note thatå sj2S0
j
s j (sj )r0

j (sj) = [x� (1 � d)u(s)]=d is independentof j.

Inductively, if å sj2Sm
j
s j (sj )rm

j (sj ) is independentof j, then

å
sj2Sm+ 1

j

s j (sj)rm+ 1
j (sj ) = å

sj2Sm+ 1
j

s j (sj)
h
rm

j (sj) � (pm
� j � pm+ 1

� j )xm
i

= å
sj2Sm+ 1

j

s j (sj)rm
j (sj) � pm+ 1

j (pm
� j � pm+ 1

� j )xm

= å
sj2Sm

j

s j (sj)rm
j (sj) � (pm � pm+ 1)xm

is alsoindependentof j.
Let m� bethe�rst stepat which thereexists j � 2 J suchthatSm� + 1

j � = /0.

If Sm� + 1
j 6= /0 for somej 2 J, thenwehave thefollowing contradiction:

pm�
xm�

= å
sj� 2Sm�

j�

s j � (sj � )rm�

j � (sj � )

= å
sj2Sm�

j

s j (sj )rm�

j (sj)

> å
sj2Sm�

j

s j (sj )pm�

� jx
m�

= pm�
xm�

;

wherethesecondequalityholdsbecauseå sj2Sm�
j

s j (sj)rm�

j (sj ) is indepen-

dentof j, andthe inequalityholdsbecauserm�

j (sj)=pm�

� j > xm�
for all sj 2

Sm�

j with strict inequalityfor all sj 2 Sm� + 1
j , ands j (sj ) > 0 for all sj 2 Sm�

j .

ThuswehaveSm� + 1
j = /0 for all j 2 J.

Sincep0
j = 1 for all j 2 J andx > maxf u(sj ;s � j ) j j 2 J;sj 2 Sjg, we

have

x0 = minf r0
j (sj) j j 2 J;sj 2 Sjg=

x� (1� d) maxf u(sj ;s � j ) j j 2 J;sj 2 Sjg
d

> x:

For any m< m� andfor any sj 2 Sm+ 1
j , wehave

xm+ 1 >
rm+ 1

j (sj)

pm+ 1
� j

=
rm

j (sj) � (pm
� j � pm+ 1

� j )xm

pm+ 1
� j

>
pm

� jx
m � ( pm

� j � pm+ 1
� j )xm

pm+ 1
� j

= xm:

Therefore,wehavexm > x for any m6 m� .
Let Sm � Õ j2J Sm

j . For any s 2 S, thereexistsa uniquem(s) 6 m� such

thats2 Sm(s) nSm(s)+ 1. Thenwede�ne f (s) = xm(s) > x for eachs2 S.
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For any j 2 J andany sj 2 Sj , thereexistsauniquemj (sj) 6 m� suchthat

sj 2 S
mj (sj )
j nS

mj(sj )+ 1
j becauseSm� + 1

j = /0. Thenwehave

(1� d)u(sj ;s � j ) + d å
s� j2S� j

s � j (s� j) f (s)

= (1� d)u(sj ;s � j ) + d
mj (sj )� 1

å
m= 0

(pm
� j � pm+ 1

� j )xm+ p
mj (sj )
� j xmj (sj )

= (1� d)u(sj ;s � j ) + d
mj (sj )� 1

å
m= 0

(rm
j (sj) � rm+ 1

j (sj)) + r
mj (sj )
j (sj )

= (1� d)u(sj ;s � j ) + dr0
j (sj ) = x

for any j 2 J andany sj 2 Sj . �

Lemma. 4.5. A mixedactionpro�le a andplayeri' spayoff vi areenforce-
able with respectto f v0 2 X j v0

i > vig if and only if vi > gi(a j ;a � j) for
any j 2 I+

i andanya j 2 A j and for any j 2 I �
i andanya j 2 A j such that

a j(a j ) > 0.

Proof. “If ” part.De�ne w(a) 2 X with wi(a) > vi for eacha2 A asfollows:
� If thereexistsauniqueplayer j suchthata j (a j) = 0 and j 2 I+

i , then
let w(a) 2 X besuchthatvi 6 wi(a) 6 [vi � (1� d)gi(a j ;a � j)]=d. It
followsfrom Lemma4.4andvi > gi(a j ;a � j ) thatsuchw(a) exists.

� If thereexists a uniqueplayer j suchthat a j (a j) = 0 and j =2 I+
i ,

thenlet w(a) 2 X be suchthat wi(a) > vi andw j (a) 6 [v j � (1 �
d)g j(a j ;a � j)]=d. Theexistenceof suchw(a) follows from Lemma
4.4.

� If we have a j (a j ) > 0 for all players j, let J = I +
i [ I �

i and de-
�ne w(a) = wJ(aJ) + å j =2J(w0 � w j (a j)) 2 X asfollows: By setting
x = vi in LemmaA.1, we obtaina function f suchthat f (aJ) > vi ,
any actionin Sj is indifferentfor eachplayer j 2 J, andplayeri's
total payoff is equalto vi . It follows from Lemma4.4thatthereex-
istswJ(aJ) 2 X suchthatwJ

i (aJ) = f (aJ), andby thesamelemma
we can make any action in Sj indifferent for player j =2 J with-
out changingplayer i's payoff. For example, pick any w0 2 X,
andchoosew j (a j ) 2 X suchthatw j

i (a j ) = w0
i andw j

j (a j) = [(1 �
d)=d]g j(a j ;a � j ).

� If a j (a j) = 0 for at leasttwo players j, let w(a) 2 X be suchthat
wi(a) = vi . Theexistenceof suchw(a) followsfrom Lemma4.4.

Then(a;vi) is enforcedby w.
“Only if ” part. Supposethat (a;vi) is enforcedby continuationpayoff

pro�les w(a) 2 X with wi(a) > vi .
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For any j 2 I+
i andany a j 2 A j , it follows from player j 's incentivecon-

straintsthatwehave

v j > (1� d)g j(a j ;a � j) + d å
a� j2A� j

a � j(a� j )w j (a):

Since j 2 I+
i , we cantransformthe above inequality to the following in-

equalityaboutplayeri'spayoffs:

vi > (1� d)gi(a j ;a � j ) + d å
a� j2A� j

a � j (a� j)wi(a)

> (1� d)gi(a j ;a � j ) + dvi ;

thuswehavevi > gi(a j ;a � j ).
For any j 2 I �

i andany a j 2 A j suchthata j(a j ) > 0, wehave

v j = (1� d)g j(a j ;a � j) + d å
a� j2A� j

a � j(a� j )w j (a):

Since j 2 I �
i , wehave

vi = (1� d)gi(a j ;a � j ) + d å
a� j2A� j

a � j (a� j)wi(a)

> (1� d)gi(a j ;a � j ) + dvi ;

thuswehavevi > gi(a j ;a � j ). �

A.2. Proof of Proposition 4.11.

Proposition. 4.11. Supposethat neithera1 nor a2 is a staticNashequilib-
rium.

(1) If g11
1 > g22

1 , thenQh = /0 underanysignalstructure, andthere is no
Ah-perfectpublicequilibriumfor anyd.

(2) If g11
1 < g22

1 , thenfor anysignalstructurep with perfectdetectabil-
ity for the both players and any compactline segmentin the rel-
ative interior of `, there exists e > 0 such that Qh is a nonempty
setcontainingthe line segmentunderany signal structure p̃ such
that maxy;a jpy(a) � p̃y(a)j < e; so there existsd̄ < 1 such that v 2
E(Ah;d) for anyd > d̄.

Proof. [Proofof Part1] Weuseouralgorithmundertherestrictionof Ah =
f a1;a2g to computethesetof Ah-perfectpublicequilibriumpayoff pro�les.
Let Q0 be the result of the �rst stepof the algorithm whencontinuation
payoffs are restrictedto h. Sincethis is a one-dimensionalproblem,we
only needto considertwo directionsl 1 = (b2; � b1) andl 2 = (� b2;b1).

Considerthelinearprogrammingproblemfor actionpro�le a2 anddirec-
tion l 1. Let (v;w) beany collectionof payoff pro�les satisfyingconstraints
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(a)-(d).For any y2 Y, sincev, w(y) arechosenfrom h andl 1 � v> l 1 � w(y),
wehavev2 6 w2(y). Then,by constraint(b), wehave

v2 > (1� d)g22
2 + då

y
py(a2

1;a22
2 )w2(y) > (1� d)g22

2 + dv2;

wherea22
2 is player2's actionthat maximizesg2(a2

1;a2). Therefore,v2 >
g22

2 , l 1 � v 6 l 1 � g22, andk0(a2; l 1) 6 l 1 � g22. Sincek0(a1; l 1) 6 l 1 � g1, we
have

k0(l 1) 6 max(l 1 � g22; l 1 � g1):

Similarly, we havek0(l 2) 6 max(l 2 � g11; l 2 � g2). Therefore,

Q0 = H0(l 1) \ H0(l 2) \ h

� f v 2 h j min(g11
1 ;g2

1) 6 v1 6 max(g22
1 ;g1

1)g � `0:

Sinceg11
1 > g22

1 , g11
1 > g1

1, g2
1 > g22

1 , andg2
1 > g1

1, we have min(g11
1 ;g2

1) >
max(g22

1 ;g1
1). Therefore,̀ 0 is theemptysetor a singleton.Sinceneithera1

nora2 is astaticNashequilibrium,wehaveQh = /0.
[Proof of Part 2] Similarly to Part 1, let Q0 be the resultof the second

stepof the algorithmwhencontinuationpayoffs arerestrictedto lie on h.
Let Y1, Y11, Y12, w1, andw12 bede�ned in De�nition. We will show that
for any h with

0 < h < min
a26= a1

2

(p1(a1
1;a2)w1 + p12(a1

1;a2)w12) � (g11
1 � g12

1 );

action pro�le a1 andpayoff vectorv = g11 + (h; � (b1=b2)h) can be en-
forcedfor the both playerswith continuationpayoffs on the ray f v02 h j
v0

1 > v1g whenp̃ is suf�ciently closeto p. Let thecontinuationpayoffs be

w1(y) =

8
><

>:

v1 + [(1� d)=d](w1 + z) (y 2 Y1);
v1 (y 2 Y11);
v1 + [(1� d)=d](w12+ z) (y 2 Y12);

w2(y) =
g� b1w1(y)

b2
;

where

z =
(v1 � g1

1) � (p̃1(a1)w1 + p̃12(a1)w12)
1� p̃11(a1)

:

Sincew1, w12 > 0 andz ! h=(1� p11(a1)) > 0 asp̃ ! p, all w(y) satisfy
w1(y) > v1 whenp̃ is closeto p.
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Observe that the overall payoff for player1 that is generatedby a1 and
w(y) is

(1� d)g1
1 + då

y
p̃y(a1)w1(y)

= (1� d)g1
1 + d

�
p̃1(a1)

�
v1 +

1� d
d

(w1 + z)
�

+ p̃11(a1)v1

+ p̃12(a1)
�

v1 +
1� d

d
(w12+ z)

��

= v1:

If player1 deviatesto a1 6= a1
1, hispayoff is atmost

(1� d)g11
1 + då

y
p̃y(a1;a1

2)w1(y);

whichconvergesto (1� d)g11
1 + dv1 asp̃ ! p. Thelimit is lessthanv1 since

h > 0. Therefore,thisdeviation is unpro�tablefor player1 whenp̃ is close
to p.

If player2 deviatesto a2 6= a1
2, hispayoff is atmost

(1� d)g12
2 + då

y
p̃y(a1

1;a2)w2(y):

Sinceg12 andw(y) areontheline h, thispayoff is writtenas(g� b1v0
1)=b2,

where
v0

1 = (1� d)g12
1 + då

y
p̃y(a1

1;a2)w1(y):

Sinceb1, b2 > 0, this deviation is unpro�table for player2 if v0
1 > v1 for p̃

closeto p. Takingp̃ ! p, wehave

v0
1 ! (1� d)g12

1 + dv1+ (1� d)
�
p1(a1

1;a2)w1 + p12(a1
1;a2)w12+ h

1� p11(a1
1;a2)

1� p11(a1)

�
:

Sincep1(a1
1;a2)w1 + p12(a1

1;a2)w12 > g11
1 � g12

1 + h andh > 0, thelimit is
largerthan

(1� d)g12
1 + dv1 + (1� d)(g11

1 � g12
1 + h) = v1:

Similarly, for any smallh > 0, a2 andv = g22 � (h; � (b1=b2)h) canbe
enforcedwith continuationpayoffs on theray f v02 h j v0

1 6 v1g whenp̃ is
closeto p. Therefore,for any compactline segmentin therelative interior
of `, if p̃ is suf�ciently closeto p, thenQ0 includesthe line segment,and
thealgorithmstopswith Qh = Q0. �

ECONOMICS DEPARTMENTS: HARVARD, FEDERAL RESERVE BANK OF M INNEAPO-
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