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1. INTRODUCTION

Fudenbey and Levine [1994] (FL) shaved that the limit of the set of
perfectpublicequilibriumpayofs of arepeatedjameasthediscountfactor
goesto onecanbe characterizedby the solutionof a family of staticlinear
programmingproblems. This resulthasbeenappliedand extendedby a
numberof subsequerauthorsjncluding KandoriandMatsushimg1998],
Dellarocagd2003],andEly etal [2003].

The FL resultrequiresthatthe setof payof vectorsobtainedby the al-
gorithm should have “full dimensiori, that s, the dimensionis equalto
the numberof long-run playersin the game. This paperextendsthe lin-
earprogrammingcharacterizatioto casesvherethis “full-dimensionality”
conditionfails, eitherbecausef the payof structureof the stagegame,or
becausef arestrictionto equilibriumstratgyieswhosecontinuatiorpayofs
areonalower-dimensionaset. We applyourresultto threesuchrestrictions
from theliterature.The rst applicationis to repeatedyameswith all long-
run playersand obsened actions,wherethe feasiblepayofs in the stage
gamelie in alowerdimensionabket. Thelinearprogrammingcharacteriza-
tion allows usto generalizeheresultsof Abreuetal [1994], who assumed
a condition called NEU conditionand of Wen [1994], who assumedhat
mixed stratgjies are obsened. The secondapplicationis to the strongly
symmetricequilibrium studiedby Abreu [1986] and Abreu et al [1986],
which restrictsthe continuationpayofs to the one-dimensionasetwhere
all players'payofs areidentical. Thethird applicationis to therestriction
thatall payofs lie on a line segmentof the Paretofrontier, which we use
to derive a sufcient conditionfor the exactachiesability of rst-best out-
comes.Equilibria of this type,for which all continuationpayofs lie onthe
Paretofrontier, have a strongrengyotiation-proofnesgroperty: regardless
of the history; playerscannever unanimouslypreferanotherequilibrium.

2. MODEL

We considermrepeatedjamewith imperfectpublic monitoringplayedby
long-runandshort-runplayers.We follow FL in the notation. In the stage

a nite setA. a2 A OjL ;A inducesapublicly obsenedoutcomey 2 Y
with probability py(a). Playeri's payof to anactionpro le ais gj(a). For
eachmixedactionprole a2 A OL; A, wecaninducepy(a) andgi(a).

Fori2 LR f1;:::;Lg, L6 n,iisalong-runplayerwhoseobjectveis
to maximizethe averagediscountedralueof perperiodpayofs f g;(t)g,

¥
(1 dad ai):
t=1
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eachof whomplaysonly once.Let
B: A ALl Al An

Let A® bea subsebf graph(B). We focuson A%perfectpublic equilib-
ria: stratgy pro les in which all playerschooseactionpro les from A°,
dependingonly on the public history, andin which following every pub-
lic historythe remainingpublic strategy pro le formsa Nashequilibrium.
Note thatanactionpro le speci ed by anequilibriumbelongsto A° even
afteranoff-path history, but thateachplayer's deviationsfrom the equilib-
rium neednotbein A°. E(A?;d) is thesetof averagepresenwaluesfor the
long-runplayersin A%-perfectpublic equilibria. We will characterize¢he
limit of E(A?; d) without the“full-dimensionality” condition.

3. ALGORITHM

We x A%throughouthissection.Wede ne thesequenc&?; Q% X1: Q1 X2 Q?;:::
whereX™ areaf ne subspacesf R- andQ™ arecompactorvex subset®f
X™ by thefollowing procedureLet X° = RL. Let g r(a) denotethevector
of payofs for long-runplayersonly. For given X™, we considera linear
programmingproblemfor givena 2 A% with gi.r(a) 2 X™, | 2 R-nf0Og
parallelto X™, andd 2 (0;1):

k™(a;l ;d)=maxl v  subjectto
V,\wW

@ vi=(1 dga;a i)+da pya;a i)wi(y)
y2Y

fori 2 LRandg 2 A s.t.ai(a) > 0,
() vi> (1 dygi(asa )+da pyla:a )wiy)
y2Y
fori 2 LRanda 2 A s.t.ai(a) = 0,
() I v>1 w(y) fory2Y,
(d) w(y)2 XM fory2Y.
If thereis no(v; w) thatsatis esconstraintga)-(d),thenwe setk™(a;l ;d) =

¥. Notethatk%a;l ;d) correspondgo k (a;! ;d) in FL. Similarly to
Lemma3.1 (i) in FL, k™(a;l ;d) is independenof d, andthusdenotedby
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kM(a;l )[1 Set

K™(l) = sup k"(a;l);
a2A0; g r(a)2Xm
H™() = H(KT()):
QM= H™(1 )\ X™
| 2RLnf0Og: parallelto X™

whereH(l k)= fv2 RYj1 v6 kg. If Q™= 0or QMis asingletonwhose
elementdoesnot correspondo a staticequilibriumin A°, we stopthe al-

gorithmandde ne Q (A% = 0.2 If QMis asingletonconsistingof a static
equilibriumpayof pro le in A° or we have dimQ™ = dimX™, we stopthe
algorithmandde ne Q (A°) = QM. OtherwiseJet X™ 1 betheafne hull

of QM, whichis thesmallestaf ne spaceancludingQ™, andwe againsolve
alinearprogrammingproblematfter X" is replacedoy X™ 1,

Note that every time the algorithm continues the dimensionof X™ de-
creasedy atleastl, sothealgorithmstopsin a nite numberof steps.

As is standardn this literature,payof pro le vis thetargetthatwill be
supportedby someequilibrium, andthe functionw givesthe continuation
payofs w(y) startingtomorrow if the currentoutcomeis y. Constraints
(a) arethe accountingidentitiesthat de ne the expectedpayof pro le v,
and constraintgb) are the incentve constraintsrequiring that playing a
maximizesexpectedpayof providedthatcontinuationpayofs aregivenby
w. Constraintqc) requirethatall of the continuationpayofs areincluded
in the half-spacede ned by v and| ; loosely speaking,the continuation
payofs arenot allowedto be“better” (in thel direction)thanv is.

Eachstepof this algorithmdiffersfrom FL's only in constraintgd) and
AQ. Constraintgd) requirethatall of the continuatiorpayofs areincluded
by the afne hull of Q™ 1 in the previous step,and A? is a restrictionon
equilibriumactionpro les. In the caseof A? = graph(B), the rst stepof
thealgorithmis exactly the sameasFL's linearprogrammingoroblem.Ac-
tually, Q¥ is equalto whatFL call Q. If we assumehefull dimensionality
of Q, thatis, dimQ = L, thenthe algorithmstopsat the rst step,andwe
have Q (grapi{B)) = Q.

By this algorithm,we obtainthe limit of A°-perfectpublic equilibrium
payofs, whichis ageneralizatiorof Theoren3.1in FL.

1Weshouldpointoutthattheconditiongivenin FL Lemma3.1 (iii) is sufcient but not
necessarfork (a;l ) =1 g.r(a); FL incorrectlyasserthatthe conditionis necessargs
well. The conditionis only necessaryinderthe additionalassumptiorthat all outcomes
have positive probabilityundera.

2QM=0is possibleonly if A° containsno staticequilibrium.
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Let E (AP;d) bethesetof A%-perfectpublic equilibriumpayof pro les
when public randomizatiordevicesare available at the beginning of each
period.E (A% d) is aboundedcorvex setthatcontainsE(AC; d).

Theorem. E (A%d) Q (A? for anyd. If Q (A 6 0, thenfor any
compacsetK in therelativeinterior of Q (A°), there existsd < 1 sudthat
K E(A%d) foranyd> d3 Hencdimg 1E(A%d) = limy {E (A%d)=
Q (A%).

Proof. We shav thatE (A%d) Q™ for ary m by induction. Suppose

thatE (A%d) X™ andwe shov thatE (A%d) Q™ X™1 If not,

sinceE (A% d) is boundedwe may nd a positive numbere> 0, a point

v2 E (A% d), andaunitvectorl 2 R-nf Og parallelto X™ suchthatl v=

k> kM(1)+[(1 d)=dleandE (A%d) H(l ;k+ €). Thenviswrittenas
Z

1
V= v(w) dw;
0

where, for almostevery realizationw 2 [0; 1] of a public randomization
device, v(w) is enforceablavith somecurrentactionpro le a(w) 2 A% and
continuatiorpayof pro les w(y;w) in E (A%d) H(l ;:k+ )\ X™. Since
v(w) 2 E (A%d) XM we have gir(a(w)) 2 X™. Pick w 2 [0;1] such
thatl v(w) > k. For thisw, by shifting payof pro les independentlyf y,
we canenforcetheshiftedtargetpayof pro le VAw) = v [(1 d)=d]el by
a(w) andwdy;w) = w(y;w) (1=d)el 2 H(l :k9\ X™ wherek= k [(1
d)=dle> k™(I ). Sothescorel V{w) > Klis attainedwith continuation
payof pro les in H(l ;:k9\ X™, which contradictghede nition of k™(l ).

If Q (AD) is setto be the empty set becauseat somestep of the al-
gorithm, QM is a singletonwhoseelementdoesnot correspondo a static
equilibriumin A9, then,sincethereis no staticequilibriumin A° andcon-
tinuation payofs needto be constantwe have E (A%d) = 0= Q (A9).
Otherwisewe haveE (A%d) Q™= Q (A°) for somem.

Now supposehatQ (A°) 6 0, andlet K beacompactetin therelative
interiorof Q (A%). Wewill shavthatk E(AQ%:d) for all sufciently large
d. If Q (AY) is asingletonthenE(A°;d) = Q (A9 for ary d. Otherwise,
letX betheafne hull of Q (A%). Thentheproofdiffersfrom FL'soriginal
onemainlyin thatwe usetherelativetopologyinducedon X insteadof the
standardopologyon RL4 SinceK is a compactsetin therelative interior
of Q (A9, thereexists a smooth,corvex, andcompactsetW K in the

STherelative interior of asubseS of Rt is theinterior of Sunderthetopologyinduced
ontheafne hull of S

4our proof alsodiffersbecauseét doesnot assumehe existenceof staticequilibriain
A,
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relative interior of Q (A%. We shav thatWw  E(A%d) for sufciently
larged. SinceW is compactandcorvey, it is enoughto show thatfor each
v2 W, thereexist d < 1 anda relatively openneighborhoodJ of v with
U  P(A%d;W), whereP(A°;d; W) is the setof payof pro les generated
by somea 2 A% andW (Fudenbey etal [1994,Lemma4.2]).

First, supposéhatv is on the relatve boundaryof W. Let| be parallel
toX andnormaltoW atv. Letk=1 v, andletH = H(l ;k) betheunique
half-spacen thedirectionof | suchthatH\ X contains/V andits relative
boundaryis tangento W atv. SinceW is in therelative interior of Q (AY),
thereexists an actionprole a 2 A% with g.r(a) 2 X that generatesa
pointv02 X with | V2> k usingcontinuationpayofsin H(l ;1 v\ X .
Then, for somed®< 1 ande> 0, (a:v) canbe enforcedwith respectto
H(l;k e\ X.

Secondsupposéhatv is in therelative interior of W. Pickarny | parallel
toX . Letk=1 vandH = H(l ;Kk). Similarly to theabove agumentthere
existsa 2 AP suchthat, for somed®< 1 ande> 0, (a;Vv) canbeenforced
with respecto H(l ;k e)\ X .

For ary d°® d® we may nd w(y; d®} thatenforce(a;v) andk > 0 such
that

a1 d%

0 .
wiy,d2H 1k LD

e \ X;

andjw(y;d%§ vj< k(1 d.

Considerthe ball U (d° aroundv of radiusk(1 d° in X . SinceW is
smoothin X , for d®%sufciently closeto 1 thereexistsk > 0 suchthatthe
differencebetweerH\ X andH\ W in U(d% is at mostk(1 d°§2. It
follows thatthereexistsd < 1 suchthat(a;v) canbe enforcedby continu-
ation payofs w(y; d) in the relative interior of W. Sincew(y;d) arein the
relative interior, they may betranslatedoy a smallconstanindependenof
y generatingncentve compatiblepayofs in arelative neighborhoodJ of
V.

Remark.Our Theorenshaws thatallowing publicrandomizationsloesnot
changethe limit set. For a x edd, however, E (A°;d) maybelargerthan
E(A%d).

Several otherchoicesof how to determinethe setsX™ leadto the same
resultQ (A%). Forexampleatthebeginningof the rst stepwe canchoose
X0 to beary afne subspacef R" thatcontainsg r(a) for everya 2 A°.
If 16 dimQ™< dimX™, thenwe canmove to the next stepwith ary af ne
subspac&™ 1 of X" thatcontainsQ™.
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FIGURE 4.1. A three-player game in Fudenbey and
Maskin[1986]

1,1,1/0,0,0
0,0,0{0,0,0
0,0,0(/0,0,0
0,00/111

It is easyto extendthis theoremto gameswith in nitely mary pureac-
tions® However, allowing in nitely mary signalswould involve measure-
theoreticcomplicationghatarebeyondthe scopeof this paper

4. APPLICATIONS

4.1. Fudenberg and Maskin's Example. To illustratethe algorithm,we
applyit to the exampleFudenbey andMaskin[1986] usedto motivatethe
full dimensionalitycondition.We setL = n= 3, sothattherearethreelong-
run playersandno short-runplayerssetY = A= f0;1g°, andsetpy(a) = 1
if andonly if y = a, sothatthe signalperfectlyrevealsthe actionpro le.
Stagegamepayofs aredepictedn Figure4.1

Let A= A andX® = R3, andsolvethe rst stepof our algorithm. By
a simplecomputationwe have Q° = f (x;x:X) j 06 x6 1g. SinceQ® has
alower dimensiorthanX?, we setX! = f(x;x;X) j x2 Rg andmoveto the
secondstepof our algorithm.

In the secondstep,we have two directionsparallelto X! (up to positive
constants)1 = (1;1;1)and 1= ( 1, 1; 1). We rst considerthecase
of| = 1. Fix ary a. As Fudenbey andMaskin show, for ary a, there
exist aplayeri andanactiona; suchthatgi(aj;a i) > 1=4. Since(v;w) in
thelinearprogrammingoroblemsatis esconstraintga) and(b), we have

w10 g+ dAp@ia dw):
y

Sincegir(a) 2 Xt andw(y) 2 X! for ary outcomey by constraints(d),
it follows from constraints(a) thatv 2 X! aswell. Then,since 3v; =
(D v>( 1) wy = 3w(y) for any outcomey by constraintgc), we
have

1 o 1
vi> (1 d) Z+dapy(aa;a Hwi(y) > (1 d) Z"'dVi;
y

ST heproofcarriesoververbatimaslongasstage-gampayof functiong; is boundedor
every playeri, “max” is replacedby “sup” in the de nition of k™(a;l ;d), andconstraints
(a) arerequirednot only for every a; with positive point massbut alsofor almostevery a;
with respecto a;.
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andhencev; > 1=4. Thereforewehavek(a; 1)6 3=4forary a. Since
theequalityholdswheneachplayermixesthetwo actionswith equalprob-
ability, we have k}( 1) = 3=4 andH( 1) = H( 1; 3=4). Wealso
have H1(1) = H(Z1;3) by asimplecomputation.

SinceQl= HY(D)\ HI( 1\ X1=f(x;x;x)j1=46 x6 1lganddimQ!=
1= dimX?, westopthealgorithmandconcludethatQ (A) = Q' isthelimit
setof subgame-perfea@quilibriumpayofsasd! 1.

The sameresultis obtainedby Fudenbey and Maskin [1986] andWen
[1994]. Fudenbeay and Maskin determinethe limit setby a direct com-
putationin this speci ¢ game whereadVenuseseffective minimaxvalues.
Wen'smethods applicableo repeatedjameswith perfectmonitoringwith-
outthefull dimensionalitycondition. Notethatour algorithmis evenmore
generalaswe admitimperfectpublic monitoringandshort-runplayers.

4.2. Characterization of the Limit Payoffs in General Stage Games
with Observed Actions and All Long-Run Players. Considerrepeated
gameswith perfectmonitoringandwithoutshort-runplayersthatis,Y = A,
py(a) = 1if andonlyif y= a andn= L. Weassume¢hatA® AP fa?2
Aja(a) = 1for somea2 Ag, i.e., A containsall pureactionpro les.

We assumehat no playeris universally indifferent for every playeri,
thereexist two actionpro les a, a°2 A suchthatgi(a) 6 gi(a9. Playersi
and j have equivalentutility functionsif thereexist c2 R andd > 0 such
thatgj(a) = c+ dgi(a) for alla2 A. Denoteby I;" thesetof playerswhose
utility functionsareequialentto gi. Similarly, denoteby I; thesetof play-
erswhoseutility functionsareequialentto gi. The stagegamesatis es
thenonequivalenttilities (NEU) conditionif I = fig for all i (Abreuetal
[1994]).

Playeri's effectiveminimaxpayof is givenby

\_/i(AO) = aizrlioma)o‘gi(aj;a Dii21 a2 A5 0rj21; ;a2 Ajstaj(a)) > 0g:

If A® is compact,thenthein mum operatorcanbe replacedby the min-
imum operatorbecausehe objective functionis lower semi-continuousn
a.

Herewe compareour effective minimax payof with the standardmini-
max payof

V(A% = inf maxgi(aia i)jai2 Ag;
a2Ao
andWen's [1994] effective minimaxpayof
WeYA% = inf maxXgi(aj;a j)jj21";a2 Ajg:
a2A0

Proposition4.1. We havethefollowing relationsbetweerthe effectivemin-
imaxandWen's effectiveminimax:
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FIGURE 4.2. A gamein which VI*®"(A) < v, (A)
0;0.0 |33, 3
2:2. 2144 4
4:4:. 4\2:2. 2
33 3|44 4

(1) V(A% 6 v"e(A?) 6 v(A?).

(2) VWVe(A%) = v,(A9) if A= APorl, = 0.

(3) V(A9 = v (A9 if (A= AP or A) andtheNEU conditionis satis-
ed.

Proof. Parts1 and2 areobvious. Part 3 is alsoobvious, exceptfor thecase
in which A® = A, the NEU conditionis satis ed, andl; 6 0. Sincethe
NEU conditionis satis edandl; 6 0, |; is asingletonf jg. Leta ; be
a minimax action pro le againstplayeri, anda; is a maximin action of
playeri againsiplayerj whentheotherplayers'actionpro le is x edto be
a jj. By theminimaxtheorem(a; ;a;) is aNashequilibriumof thegame
betweemplayersi andj whentheotherplayersplay a ij- Sincea; isabest
responseo a ; for playeri, we have gi(a;a ;) 6 gi(a ) for ary a 2 A.
Also, sincea | is abestresponsé¢o a ; for playerj, playerj is indifferent
amongall pureactionstakenwith positive probabilitiesunderaj, i.e.,we
have gj(aj;a ;) = gj(a ) for ary a; 2 Aj suchthata;(aj) > 0. Since
j21, ,wehaveg(aj;a j) = gi(a ) forary a; 2 Aj suchthataj(aj) > 0.
Thereforewe havev;(A) 6 gi(a ) = V¥(A).

Example. We may have vVVe'(A%) < v;(A9). Considerthe stagegamein
Figure4.2 Notethatl; = f1;2gandl, = f3g. We have v]*®*"(A) = 5=2,
wherethe solutiona to Wen's minimax problemis suchthatplayersl and
2 choosethe rst actions,and player 3 mixesthe two actionswith equal
probability. We alsohave v;(A) = 3, wherethe solutiona to our minimax
problemis suchthat playersl and3 choosethe rst actions,andplayer?2
chooseghe rst actionwith probabilitymorethanor equalto 1=2.

LetV bethesetof feasiblepayof pro les, i.e.,thecorvex hull of f g(a) 2
R"ja2 Ag. Let

V(A% = fv2 Vv > v(AO) for every playerig;
V (A% = fv2Vjvi> v(AO for every playerig

be the setsof feasiblepayof pro les that weakly and strongly dominate
v(A9), respectiely.



PERFECTPUBLIC EQUILIBRIUM WHEN PLAYERS ARE PATIENT 9

Proposition4.2. Q (A% V(A9.I1fV (A% 6 0, thenQ (A% = V(AY).

Abreu et al [1994] shaved the folk theoremunderthe NEU condition,
which correspondso Proposition4.2when(A® = AP or A) andthe NEU
conditionis satis ed. Wen[1994] shaved the pure-stratgy folk theorem,
which correspond$o Propositiord.2 for A® = AP Theseclassicaresults
are strongerthan Proposition4.2 in the following sense.They shawv that
E(AP;d) V(AP) foraryd, andthat,foranyv2V (AP), thereexistsd< 1
suchthatv 2 E(AP;d) (exactlyattainedasanequilibriumpayof pro le) for
arny d> d. Ontheotherhand,combinedwith our TheoremPropositior4.2
claimsthatany pointv 2 V(AP) is approximatelyattainedasanequilibrium
payof pro le. SeeSubsectiort.4for adiscussiorof the exactattainability
of ef cient payofs.

We will shav Propositiord.2 by executingour algorithmexplicitly. Let
X betheafne hull of V. We have dimX > 1 becausef the absenceof
universalindifference. A vectorl 2 R"nfOg parallelto X is saidto bea
punishmentlirectionfor playeri if thereexist c2 R andd > 0 suchthat
| v=c dy foreveryv2 X. If | is apunishmendirectionfor playeri,
thenwe have H(l ;I v)\ X = fw02 Xj\W> vg.

Lemma 4.3. Thee existsa punishmentlirectionfor playeri.

Proof Let| bethe projectionof € to X, whereé€ is the vectorwhose
ith components 1 andwhoseothercomponentsreO. | is nonzerosince
playeri is not universallyindifferent. By construction] is a punishment
directionfor playeri.

LetX = fvi 2 Rjv2 XgandXj = f(v;Vvj) 2 R?jv2 Xg betheprojec-
tionsof X to thei-axisandto thei j-plane,respectiely.

Lemmad4.4. X = R;if j2I" [ I, ,thenX = R2.

Proof. X; isanonemptyaf ne subspacef R, i.e.,apointor R. Sinceplayer
i is notuniversallyindifferent,X; containsat leasttwo points. Sowe have

Xi= R.

6As we notedin the example,in the classof mixed-stratgy subgame-perfe@quilibria
(A° = A), Wen's de nition of effective minimax may be lower thanours. In this case,
the effective minimaxvaluein his de nition is not atight lower boundfor mixed-stratgy
subgame-perfeaquilibrium payofs. Wen assumeshat mixed stratgjiesare obsenable
and constructsequilibria with payofs aslow asv/*®"(A) in generalgames. Our results
shav that the assumptiorthat mixed stratgjies are obsenableis not innocuousin cases
wherethe NEU conditionis not satis ed. Intuitively, inducingplayersto randomizewvhen
mixing probabilitiesarenot obsenedrequiresthe useof continuationpayofs to make the
playerindifferent, andin the absenceof the NEU condition, it may not be possibleto
induceplayersto randomizewithout rewardingthe opponenthey aretrying to “punish’
Seefootnotellin Abreuetal [1994].



PERFECTPUBLIC EQUILIBRIUM WHEN PLAYERS ARE PATIENT 10

Xij is anonemptyaf ne subspacef RZ?, i.e.,apoint, aline, or R%; and
from the previous stepX;; is not a point or a vertical or horizontalline.
Sincej 21 [ I, , Xij is notaline with anonzeraslope, soXi; = R2.

We alsohave

Lemma 4.5. A mixedactionpro le a andplayeri's payof v; are enforce-
able with respectto fv°2 X j 0> vig if and only if v > gi(aj;a ;) for
anyj 21 andanyaj 2 Aj andforany j 2 I; andanya;j 2 A;j suc that
aj(aj) > 0.

Proof. Seethe Appendix.

Lemma 4.6. If | is not a punishmentirectionfor playeri, then,for any
(x;k) 2 R?, there existsv2 H(l ;k)\ X sudthatv; 6 X.

Proof. Sincel is nota punishmendirectionfor playeri,| vand v; are
linear utility functionsthat represendifferentpreferenceorderingson X.
Thenthereexist v, v2 2 X suchthat(i) I vt>1 V2 andv! > V2, or (i)
I vi>1 vZandv!= v2.

In case(i), pickary v3 2 H(I ;K)\ X, andletv=\® c(v! V?). Then
wehavev2 H(l ;k)\ X andy; 6 xfor asufciently largec.

In case(ii), pickary V4, v° 2 X suchthatv' > v, andlet i1 = v+ g(v*
V). It follows from Lemma4.4 thatsuchv* andv® exist. For a sufciently
smalle> 0,wehavel > 1 2 andvi > vi2. Thuswe canapply caseg(i)
to the pair (¥ V?).

Lemma4.7. If | is nota punishmentirectionfor any player then,every
pure strategy pro le a2 A and the correspondingpayof pro le v= g(a)
are enfoiceablewith respecto H(l ;1 v)\ X.

Proof De new(a3 2 H(l ;I v)\ X for eacha’2 A asfollows:
If thereexists a uniqueplayeri suchthat a?e a;, then, because
of Lemma4.6, we canconstructa sufciently strongpunishment
for playeri by settingw(ad 2 H(l ;| v)\ X suchthatw;(a9 6
Vi (1 d)gi(ala )]=d.
If 0= aora? 6 a; for atleasttwo playersj, thenletw(a?) = v.
Then(a; V) is enforcedoy w.

Lemma4.8.1fV (A% 6 0, thendimV (A% = dimX.

Proof. Herewe usetherelative topologyinducedto X. Suppos&/ (A°) 6
0. Thenthereexists a relative interior point v of V suchthatv2 V (A0).
OtherwiseY nV (A9 isaclosedpropersubsebfV thatcontainghewhole
relativeinterior of V. Thiscontradictdhefactthattheclosureof therelative
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interior of compactand corvex setV is equalto V. SinceV nV (A9) is
closed,v is alsoarelative interior pointof V (A%, soV (A% andX have
thesamedimension.

Now we canprove Propositioré.2 asfollows.

Proof. We useour algorithmwith the constraintX® = X on continuation
payof pro les atthe rst step. SinceA° AP, it follows from Lemmas
4.3 /4.5, and4.7 thatwe have Q° = V(A?). Thereforewe have Q (A°)
V(A9).

If V (A% 6 0, then,by Lemma4.8 we have dimQP = dimX°. We stop
thealgorithmatthe rst step,andobtainQ (A% = V(AO).

4.3. Symmetry Assumptions.

4.3.1. Stongly Symmetri€quilibria. Assumethatthe staticgameis sym-
metricfor long-runplayers,i.e., Ay = = A_ andgi(a) = gj(a() for ary
i;j 2 LRanda;a%2 Aif a = a?, al is apermutatiorof a g, andagg= a5
The signalstructureis alsosymmetric,i.e., py(a) = py(a() if aER is a per
mutationof a g, andasr= a5

A stratgy pro le is stronglysymmetriqfor long-runplayers)if all long-
run playerstake the sameactionafterevery history. In this casewe take A°
to bethe setAs of symmetricmixedactionpro les for thelong-runplayers
in graphB), and denoteby QS the resultQ (AS) of our algorithmunder
the restrictionof AS. Our Theoremcancharacterizeéhe limit of E(AS;d)

stepof our algorithm. SinceA*® containsat leastonestaticequilibrium,we
have Q° 6 0. No matterwhetherQC is a singleton(which mustbea unique
symmetricstaticequilibriumpayof) or one-dimensionalye have Q5= Q.
Sincecontinuatiorpayofs arerestrictedo besymmetric Q% maybestrictly
smallerthanFL's Q without ary restrictionon continuationpayofs. This
correspond$o Abreuetal's[1986] analysisfor larged.

As acorollaryof our Theoremwe have thefollowing.

Corollary 4.9. Q°= limy ;E(AS;d). Thatis, Q%is thelimit asd goesto 1
of strongly symmetricequilibriumpayofs with discountfactor d.

4.3.2. Partially Symmetricequilibria. We canconsiderpartially symmet-
ric equilibria. Supposéhatlong-runandshort-runplayersaredividedinto

several groups,for example,buyersandsellers. The players' payofs are
symmetriowithin groups but maybeasymmetridoetweergroups.Thenwe

canrestrictour attentionto partially symmetricequilibriawherethe players
behae symmetricallywithin groups. As in the caseof strongly symmet-
ric equilibria, let X° bethe setof payof pro les symmetricwithin groups.
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Then,we canexecutethe rst stepof our algorithm,in which continuation
payofs areconstrainedo be symmetricwithin groups.

Notethatthe FL result,on the onehand,cannotapplyto partially sym-
metric equilibriawhenthereareL 1 or lessgroupsbecauseQ® doesnot
satisfythe full-dimensionalitycondition. On the otherhand,it is possible
to apply Abreuet al's [1990] resultandobtainthe setof partially symmet-
ric equilibriafor ary x edd, but whenthe numberof groupsfor long-run
playersis 2 or more, it is dif cult andsometimegracticallyinfeasibleto
computethe setP(A%; d:W) generatedy W for ary nonlinearconstraint
W on continuationpayof pro les. By contrastour algorithmis applicable
andrelatively easyto carryout.

4.4. Exact Achievability of First-Best Outcomes. In the caseof A° =
graph(B) andX® = R%, FL shavedthat,undertheassumptiorof dimQ° =
L, for ary compactsetK in theinterior of Q°, thereexistsd < 1 suchthat
K E(grapHB);d) for any d> d. Underanidenti ability condition,Q° is
afull-dimensionalsetcontainingall payof pro les that Pareto-dominata
staticequilibrium (Fudenbeg et al [1994, Theorem6.1]). Whenthis iden-
ti ability conditionis satis ed, someefcient payof pro les canbe ap-
proximatedby equilibrium payof pro les asthe discountfactortendsto
1, evenif the actionsareimperfectlyobsened. However, this conclusion
leavesopenthe questionof whethera givenef cient payof vectorv canbe
exactly attainedoy anequilibriumpayof for somelargebut x edd.

RecentlyAthey andBagwell[2001] have provided sufcient conditions
for theexactachievability of rst-best payofs in arepeatediuopolygame.
Our Theoremleadsto thefollowing generalizatiorof their analysis.

Let V be the corvex hull of fgir(a) 2 Rt j a 2 grapiB)g, let h bea
hyperplangtangentto V, andlet A" = fa 2 grapiB) j g.r(a) 2 hg. To
achieve a payof pro le in h, it is necessaryor the playersto take actions
in A" at ary on-pathhistory (a public history which occurswith positive
probability). As anextremecase,f V\ h is a singletonf vg, thenexactly
achiezing v requiresa stringentcondition(Fudenbey etal [1994, Theorem
6.5]).

Here we sketch how to obtaina sufcient condition for exact achies-
ability. By our algorithm,we cancharacterizaéhe limit of E(Ah;d)[7 Let

7Imposingthe restrictionof A" on off-path play doesnot losemuchgenerality If the
full supportconditionholdsfor A", i.e., py(a) > O forary a 2 AN andy 2 Y, thenthere
is no off-path public history, and henceary perfectpublic equilibriumwhich achiesesa
payof pro le in his alwaysanAP-perfectpublicequilibrium. Moreover, if thefull support
conditionis notsatis edbut thereis aninef cient staticequilibrium,we caneasilymodify
our argumentby analyzingon- and off-scheduledeviations separately SeeAthey and
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X0 = h. We computethe algorithmuntil we nally obtainQ (AM). We
denoteit by QM.
Our Theoremimpliesthefollowing.

Corollary 4.10. If Q" 6 0, thenthe relative interior of Q" is nonempty
and for any relative interior point v of Q", there existsd < 1 sud that
v2 E(AM:d) for anyd> d.

Equilibriain Q" have the propertythatthereis no historywhereplayers
unanimouslhprefersomeotherfeasibleoutcomeo thecontinuatiorpayofs
prescribedby the equilibria. This is a very strongform of renegyotiation-
proofnessandimplies that the equilibria are strongly rengyotiation-proof
in the senseof FarrellandMaskin[1989].

In the caseof two-playergames,we can give a simple necessarand
sufcient conditionfor Q" to be nonempty Fix two pureactionpro les al
anda? whosepayof vector.sg1 = g(al) andg? = g(a?) areon the Pareto
frontier. SupposethatgI < gI fori & j, sothata' is worsefor playeri than
al. Leth= fv2 R?jbyvi+ bows = gg with (bl,bz 0= (g 050
g%,glg2 glgz) betheline connectingy® andg?. Notethatby, by > 0. We
assume\" = f al; a?g for simplicity, i.e.,nopayof pro le otherthang! and
v attainsh.® We focuson AP-perfectpublic equilibria.

Letg" = (gf;d}) 2 hbede ned by g = max, gi(a;; a)) andgii = (g
bigl)=b;j. Let” = fv2 hjgi'6 v1 6 gzzg is theemptysetlf oit> g2,
andaline segmentif gll< 922. (If g%lz 034 then® |sap0|nt)

Similarly, let g'l = (g’ ’91 1) 2 h bede ned by gJ = MaX,eq gj(aj;a)

andg’ = (g b;g})=bi.

De nition. The signalstructurep hasperfectdetectabilityfor playeri if
thesetY of outcomesanbepartitionedinto Y', Y, andY'! suchthatfor

p@ anm@; p'@ anmr@; pl@ a p;
yzyi yzyii )/Zyij
thereexistw, w'l > 0 suchthat
(1) p'(a) < Landp'(a)w + pli(@)wi =g g,

Bagwell[2001]. Notealsothatallowing off-pathplay notin A" destrysthereneyotiation-
proofnesgpropertyof the equilibria

8AN = fal;a?gif a' 8 a? for bothplayersi andnothreepureactionpayof pro les lie
onaline. Thelatterconditionis satis edin generic nite stagegamesput notin duopoly
gameswhereboth rms producehomogeneougoodswith a commonconstantmaiginal
cost.If AM) fal;a?g, thentheconditionof g}' > g32in Part 1 of Propositior4.11is not
sufcient for Q" to beempty Theremaybeanequilibriumwhich prescribesctionpro les
in A"nf al; a%g aftersomehistory.
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(2) p'(a;a)) = 1forary & 6 af, and
(3) p'(ay;a)w + pli(ay;a)wi > ¢f ¢ foranya; 6 al.

If p is perfectmonitoring(i.e.,Y = A andpy(a) = 1if andonly if y=
a), thenp hasperfectdetectabilityfor playeri by settingY' = falg, Y" =
f(a;a))ja 6 ajg Y')=faja; 6 ajgw =g g,andw!=maxg
g'+ 1,0).

Proposition 4.11. Supposéhat neithera® nor & is a static Nashequilib-
rium.

Q) If g%l > g%z, thenQ" = 0 underanysignalstructule, andthereis no
AN-perfectpublic equilibriumfor anyd.

(2) If g%l < g%z, thenfor anysignalstructure p with perfectdetectabil-
ity for the both players and any compactline segmentin the rel-
ative interior of °, ther existse > 0 suc that Q" is a nonempty
setcontainingthe line segmentunderany signal structure p suc
that max;ajpy(a) Py(a)j < € sothere existsd < 1 such thatv 2
E(AM: d) for anyd > d.

Proof. seeAppendix.
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APPENDIX A. PROOFS

A.1. Proof of Lemma 4.5 We usethe following lemmain the proof of
Lemmad4.5 belov to dealwith indifferenceconditionsfor playersin J =
17 [ 1; . Fudenbey and Maskin [1990, Lemmaz2] prove the sameresult
for the caseof two players. For notationalcorveniencefor a given mixed
actionpro le a,takeSj = fa; 2 Ajjaj(aj) > Og, S= OngSj,s = aj, and
u(s) = gi(s;a J).

LemmaA.l. If sj(sj) > Oandx> u(sj;s j) forall j2 Jandall s; 2 §j,
thenthereexistsf: S! R sudthat f(s) > xforall s2 Sand

x=(1 duisis )+d A s j(s )F(®
S j2S8 j

forall j 2 Jandall sj 2 §;.

Proof. We will show the existenceof f algorithmically Let S(J’ = §j and
r?(sj) =[x (1 du(sj;s j)]=dforeachj?2 Jandeachs; 2 S;. Foreach
stepm= 0, 1;:::, wede ne

~ m
pi'= a sj(s); p"=0p; p= p—m:
528" j2J Pj
rM(s;
X" = min 'pfnj’) ji2ds29 ;
( o )
gml_ gn Sm-ri(sj)_ m .
i =9 n Sj 2 i J pm] =X ;

s = Ms) (P PR
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Notethatésjzg_)sj(sj)r?(sj) =[x (1 d)u(s)]=disindependenof j.
]
Inductively, if éstSrjnSj(Sj)rljn(Sj) is independentf j, then

h i
A sis)r™is)= & si(s) rMs) (7 pTHXT
SjZSTHl SjZSTHl

= a sispris) pﬁml(pmj pmfl)xm

SjZS‘J-ml

= & sj(sPrispy (p™ p™hHx"

szsfjn

is alsoindependenof j.
Letm bethe rst stepatwhichthereexistsj 2 J suchthatS’jn 1=,

If S']“ *16 0 for somej 2 J, thenwe have thefollowing contradiction:

o
px" = a s (s (s))
o]
= a sis)ry(s)
szgjn
o
> a sjs)ptx™ = p"xm;
szgjn

wheretheseconobqualityholdsbecause‘iszgjn s,-(sj)rlm (sj) is indepen-
dentof j, andtheinequalityholdsbecause|" (sj)=p™; > x™ for all s; 2
S/ with strictinequalityfor all sj 2 S']n *1 andsj(sj) > Oforall s 2 S".
Thuswe haveS" **= 0forall j 2 J.

Sincepj = 1forall j 2 Jandx> maxu(sj;s j)jj2 J;sj2 Sjg, we
have
X (1 dmaXdu(sj;s j)jj2Js2 S,-g> «

x*= minfri(s))j j2 J;s 2 Sjg= d

Forarny m< m andfor ary s; 2 S™ !, we have

m1l/a. . m+ 1 m+ 1
G L r (SJ): ris) (P P )Xm> prx™ (pM P )Xm=X

m.
m+1 m+ 1 m+1 )
P P P

Thereforewe have x™> x forary m6 m .
Let S" C)J—ZJSJ-“. For arny s2 S thereexistsa uniquem(s) 6 m such

thats2 S™ nS™9* 1 Thenwede ne f(s) = x™® > x for eachs2 S.
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Forary j 2 Jandary s; 2 Sj, thereexistsauniquemj(sj) 6 m suchthat
sj 2 S]-n"(s") nS}nj(sjﬁ ! becaus&" ** = 0. Thenwe have

(1 dusis P+d & s j(s (Y
S jZS j
me 1 e
= (1 du(sis Prd g (P prPHXT+ pTXmE)
m=0
M) 1 L i (s1)
= (1 dusis Prd oa () i)+ ()
m=0

= (1 du(siis )+ dr(s)) = x
forary j 2 Jandary s; 2 §;.

Lemma. |4.5. A mixedactionpro le a andplayeri's payof v; are enforce-
able with respectto V02 X j vi°> vig if andonly if v > gi(aj;a j) for
any j 2 I andanyaj 2 Aj andforany j 2 I, andanya;j 2 A;j suc that
aj(aj) > 0.

Proof. “If ” part. De ne w(a) 2 X with w;(a) > v; for eacha2 A asfollows:

If thereexistsauniqueplayerj suchthataj(aj) = 0andj 2 I, then
letw(a) 2 X besuchthatv; 6 wi(a) 6 [vi (1 d)gi(aj;a j)]=d. It
followsfrom Lemma4.4andv; > gi(aj;a ;) thatsuchw(a) exists.
If thereexists a uniqueplayer j suchthataj(a;) = Oandj 21,
thenlet w(a) 2 X be suchthatwi(a) > v; andwj(a) 6 [v; (1
d)gj(aj;a j)]=d. Theexistenceof suchw(a) follows from Lemma
4.4.
If we have aj(aj) > O for all playersj, let 3= I" [ I, andde-
ne w(a) = w(ay) + éng(\A/O wl(aj)) 2 X asfollows: By setting
X = vj in LemmaA.1, we obtainafunction f suchthat f(aj) > vi,
ary actionin §j is indifferentfor eachplayer j 2 J, andplayeri's
total payof is equalto v;. It follows from Lemma4.4 thatthereex-
istsw(ay) 2 X suchthatwf(aJ) = f(aj), andby thesamelemma
we can make ary actionin S; indifferentfor player j 2 J with-
out changingplayeri's payof. For example, pick ary wl 2 X,
andchoosew!(a;) 2 X suchthatw! (aj) = w andw(a;) = [(1
d)=djgj(aj;a j).
If aj(aj) = O for atleasttwo playersj, let w(a) 2 X be suchthat
w;(a) = v;. Theexistenceof suchw(a) followsfrom Lemma4.4.
Then(a;v;) is enforcedoy w.
“Only if” part. Supposehat(a;v;) is enforcedby continuationpayof
pro les w(a) 2 X with wj(a) > v;.
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Forary j 2 I andary a;j 2 A}, it follows from player j's incentive con-
straintsthatwe have
vi> (1 dgj(a;a )+d & a j(a jw;a):
a j2A j
Sincej 2 I, we cantransformthe above inequality to the following in-
equalityaboutplayeri's payofs:
vi> (1 dg(a;a )+d g a j@ j)w(a)
a j2A j
> (1 d)gi(aj;a j)+ dv;;
thuswe havev; > gi(aj;a j).
Forary j 2 I, andary aj 2 A;j suchthataj(aj) > 0, we have

vi= (1 d)gj(a;a )+d & a j(a jwia):
a jZAi

Sincej 2 I; , wehave
vi= (1 dg(a;a )+d g a j@ jw(a)
a j2A
> (1 ddgi(aj;a j)+ adv;;
thuswe havev; > gi(aj;a j).
A.2. Proof of Proposition/4.11

Proposition. 4.11 Supposghat neithera® nor a® is a static Nashequilib-
rium.

(1) If git> g#? thenQ" = 0 underanysignalstructue, andthereis no
AN-perfectpublic equilibriumfor anyd.

(2) If gt < g22, thenfor anysignalstructuie p with perfectdetectabil-
ity for the both players and any compactline sggmentin the rel-
ative interior of °, there existse > 0 sud that Q" is a nonempty
setcontainingthe line sgmentunderany signal structure p suc
that max;ajpy(a) Py(a)j < € sothere existsd < 1 suc thatv 2
E(AM:d) for anyd> d.

Proof. [Proofof Part 1] We useour algorithmundertherestrictionof A" =

f al; a%g to computethesetof AN-perfectpublic equilibriumpayof pro les.

Let Q° be the resultof the rst stepof the algorithm when continuation

payofs arerestrictedto h. Sincethis is a one-dimensionaproblem,we

only needto considettwo directionsl = (b,; bi) andl 2= ( by;by).
Considetthelinearprogrammingproblemfor actionpro le a? anddirec-

tionl L. Let (v;w) beary collectionof payof pro les satisfyingconstraints
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(a)-(d).Forany y2 Y, sincev, w(y) arechoserfromhandl * v> 11 w(y),
we havev, 6 wy(Y). Then,by constraintb), we have

v2> (1 d)gg+ dd py(ad;agd)wa(y) > (1 d)ga2+ dvy;
y

wherea3? is player2's actionthat maximizesgy(a; az). Thereforev, >
95511 v6 It g?2 andk®(aZ11) 6 11 g?2 Sincek’(al;1 1) 6 11 gt we
have
K116 maxlt g1t gh:
Similarly, we have K°(1 ) 6 max(1 2 gt%;12 g?). Therefore,

Q%= Ho H\ HO(1 P\ h

11. 2

fv2 hjmin(gi;g?) 6 v; 6 maxg?%gh)g 0

Sincegil> @22, gil> g, g2 > g?2 andg? > gi, we have min(git; g?) >
max(g22 gi). Therefore, Cis theemptysetor asingleton.Sinceneitheral
nora? is a staticNashequilibrium,we have Q" = 0.

[Proof of Part 2] Similarly to Part 1, let Q° be the resultof the second
stepof the algorithmwhencontinuationpayofs arerestrictedto lie on h.
Let Y1, Y11, Y12 wl, andw!? be de ned in De nition. We will show that
for arny h with

0< h< minl(pl(a%;az)w1+ p*¥at;a)w?) (o1t o1?);
a8 a;

actionpro le al andpayof vectorv= g+ (h: (bi=by)h) canbeen-
forcedfor the both playerswith continuationpayofs on theray fv2 h
v‘l’ > vig whenp is sufciently closeto p. Let the continuationpayofs be

8
2vi+[(1 d=d(wi+2) (y2Y?h);

W) = v (v2 Y
vt =W+ 2) (y2 YD)
w(y) = L2200,

where

(vi g1 (pah)w'+ pA@hw'?)

1 plial) :
Sincew!, w?2> 0andz! h=(1 p'Yal)) > 0asp! p,all w(y) satisfy
wi(y) > vi whenp is closeto p.

Z=
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Obsere thatthe overall payof for player1 thatis generatedy a® and
w(y) is

(1 d)or+ d3 Py(al)wa(y)
y

i 1 d i
= (1 dogi+d pl@h) w+ T(W1+ z) +paEhw

T ORI (R
= V1.
If playerl deviatesto a; 6 a%, his payof is at most

(1 dor'+ dd By(aw ad)wi(y);
y

whichcornvergesto (1 d)gil+ dvasp! p. Thelimit islessthanv; since
h > 0. Thereforethis deviationis unpro tablefor playerl whenp is close
top.

If player2 deviatesto a, 6 a3, his payof is at most

(1 d)gs®+ dd By(ag; a)wa(y):
y

Sinceg!? andw(y) areontheline h, this payof is writtenas(g blvi’):bz,
where o
V= (1 d)gr*+ dd Py(at;a)wa(y):
y
Sinceb,, by > 0, this deviationis unpro table for player2 if vcl’ > vy for p
closeto p. Takingp! p, wehave

1 paga) |
Sincepl(al; ap)w! + pl%(al;ap)wi?> git  gl2+ h andh > 0, thelimit is
largerthan

Wi (1 dgi+dvi+ (1 d) plad;a)wt+ pt¥al;a)wh?+ h

(1 d)g2+dv+ (1 d)(gi gi?+h)= v

Similarly, for ary smallh > 0,a% andv= g?? (h: (bi=by)h) canbe
enforcedwith continuationpayofs ontheray f\°2 hj v‘l’ 6 vig whenp is
closeto p. Thereforefor ary compactine segmentin therelative interior
of °, if p is sufciently closeto p, thenQ? includesthe line segment,and
thealgorithmstopswith Q" = Q°.

EcoNnOoMICS DEPARTMENTS: HARVARD, FEDERAL RESERVE BANK OF MINNEAPO-
LISAND HARVARD



	1. Introduction
	2. Model
	3. Algorithm
	4. Applications
	4.1. Fudenberg and Maskin's Example
	4.2. Characterization of the Limit Payoffs in General Stage Games with Observed Actions and All Long-Run Players
	4.3. Symmetry Assumptions
	4.4. Exact Achievability of First-Best Outcomes

	References

