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ABSTRACT OF THE DISSERTATION
Three Essays on Herding and Group Reputation
by

Yi Zhang
Doctor of Philosophy in Economics
University of California, Los Angeles, 2007
Professor David K. Levine, Co-chair

Professor Christian Hellwig, Co-chair

This dissertation, in broad terms, focuses on the theoretical analysis of the mech-
anisms of human interaction in the context of sequential decision-making under

imperfect information.

The first chapter analyzes a sequential decision model with one-sided commit-
ment in which decision makers are allowed to choose the time of acting (exercising
a risky investment option A) or waiting. The existing literature assumes an ex-
ogenous ordering of decision makers, in which only one decision maker moves in
each period in an exogenously given order. If information previously aggregated
dominates their own private information, individuals ignore their own private
information and follow their predecessors — herding occurs. Consequently, their
decisions are uninformative to others, which prevents information aggregation.
Therefore, initial realization of signals can have long-term consequences and herd
behavior is often error prone. My main question of inquiry is: if we allow decision
makers to choose the time of acting or waiting, will herd behavior be more or less
error prone? I characterize herd behavior under endogenous ordering and show

that with endogenous ordering, if the number of decision makers is large and



decision makers are patient enough, at any fixed time, nearly all decision makers
wait due to the negligible information disclosed. In this case, if decision makers
can be forced to move with an exogenous order, the resulting equilibrium is more

efficient because exogenous ordering tends to aggregate more information.

The second chapter investigates the two-sided commitment case, in which
decision makers have the third choice, exercising a safe investment option B.
Results obtained in this case are similar to those found in the one-sided commit-
ment case. However, one striking result is that with endogenous ordering and
two-sided commitment, even though waiting forever is a dominated strategy, if
the number of decision makers is large and decision makers are patient enough,

decision makers wait too long.

The third chapter explores what group reputation is and models its forma-
tion and evolution. I define a player’s group reputation as the belief others have
about the characteristics of the group he belongs to, which is based only on group
signals. A player’s individual reputation is derived from his group reputation by
adding individual signals. A model of group reputation of civil servants is con-
structed to identify the strategic behavior of potential bribers and civil servants,
the corresponding levels of corruption, and possible anti-corruption policies along

with their effects.

x1



CHAPTER 1

Robust Herding with Endogenous Ordering and

One-Sided Commitment

1.1 Introduction

How do people make sequential decisions under imperfect information? One
may learn from his own experiences or from other people’s choices. For instance,
individuals currently using a particular software package may also have the choice
of upgrading to a new software package. They may have some knowledge about
the new software package. But if the new software package is brand new and
private information is limited, individuals may be inclined to wait for other people
to discourse more information about the newly released software before they take
any action. If the information previously aggregated dominates their own private
information, individuals ignore their own private information and follow their
predecessors — herding occurs.! Herding prevents the aggregation of information.
Therefore, the initial realization of signals can have long-term consequences and
herd behavior is often error prone. The decisions of the first few individuals’ can

have a disproportional effect.

ICelen and Kariv (2004) attempt to make the distinction between herding and information
cascades. They point out that in a herd, individuals choose the same action; but they may
have acted differently if the realization of private signals had been different. In an information
cascade, individuals ignore their own private information and follow their predecessors. Thus,
information cascades in Celen and Kariv (2004) are equivalent to herding in this paper.



Bikhchandani, Hirshleifer, and Welch (1992), hereafter BHW, and Banerjee
(1992) investigate herd behavior under exogenous ordering, in which the deci-
sion ordering is exogenously given and only one individual moves in each period.
The restaurant example in Banerjee (1992) may fit the exogenous ordering set-
ting.2 But in many other cases, endogenous ordering which allows individuals
to choose the time of acting or waiting may be more appropriate. For instance,
when individuals decide to buy a new car or computer, they have the option to
buy immediately or to wait. With endogenous ordering, there exist strategic in-
teractions among decision makers. Due to the free-rider problem, some decision
makers may have incentives to delay their decisions and learn from other decision
makers, while others make decisions immediately if they feel confident that their
decisions will produce desirable results. Furthermore, more than one individual
can act or wait during the same period and consequently their decisions can be
clustered together. Thus, under the endogenous ordering setting, the insight will
be completely different from that under the exogenous ordering setting. Our
main question of inquiry is: if we allow decision makers to choose the time of

acting or waiting, will herd behavior be more or less error prone?

Continuing with the software upgrading example, there is a new software
package A available for upgrading. Individuals are currently using a software
package B. It is known that with some prior probability A is better than B.
Each individual also gets a private signal indicating whether A is better or not.
Upgrading to A is an irreversible choice. Once they upgrade to A, they are

committed to their decisions.® But there is no commitment to continuing using

2In the restaurant example in Banerjee (1992), there are two restaurants next to each other.
Individuals arrive at the restaurants in sequence. Observing the choices made by people before
them, they decide on either one of the two restaurants.

3There exists extremely high “disruption costs” involved in upgrading. In other words, we
could see this upgrade as a perpetual American call option. Individuals are free to exercise the
option at any time they want. But once they exercise the option, they cannot reverse their



B. If individuals have not upgraded, they continue to have the option of doing
so.* Thus, the software upgrading example belongs to the setting of one-sided

commitment.

In contrast, the restaurant example in Banerjee (1992) is a two-sided com-
mitment decision problem. Individuals choose between two restaurants. Choos-
ing either one of the two restaurants is irreversible. Once an individual chooses
one restaurant, he cannot go to the other any more. For exogenous ordering,
one-sided commitment is equivalent to two-sided commitment because once an
individual chooses A or B at his turn, he is out of the game and cannot change
his decision any more. But for endogenous ordering, individuals in a one-sided
commitment decision problem have two choices: A or B. If they choose A, they
cannot change. If they choose B, they still have the option of choosing A later.
Individuals in a two-sided commitment decision problem have three choices: A,
B or wait. If they choose A or B, they cannot change. If they choose to wait,
they still have the option of choosing A or B later. In other words, waiting
is equivalent to choosing B in a one-sided commitment decision problem with

endogenous ordering.

In this paper we concentrate on the one-sided commitment case.> We analyze
an endogenous ordering sequential decision model in which decision makers are
allowed to choose the time of acting (upgrading to the new software package
A) or waiting (continuing using the current software package B). To emphasize
the information aspect, we focus on pure information externalities: each decision
maker’s payoff only depends on his own action and the state of nature. Our main

results are summarized below.

decision.
4Throughout the paper, we use the software upgrading example to illustrate our model.
°Its companion (Zhang 2007b) investigates the two-sided commitment case.



1. With endogenous ordering, we show the existence of a symmetric equilib-
rium with the following monotonicity property: in each period there exists
a critical type of individual who upgrades with probability less than one;
all types of individuals with private signals indicating a higher value of A

upgrade with probability one; all others wait.

2. In this particular equilibrium, there is a strategic phase, followed by a herd-
ing phase. In the strategic phase, depending on their own private signals,
some individuals upgrade, while others wait. In the herding phase, all the
remaining individuals either upgrade immediately or wait forever regard-
less of their own private signals. Compared with the exogenous ordering
setting, disclosure of public information has a completely different impact
on the strategic and herding behavior of individuals. In particular, if the
game is in the upgrade herding phase, all the remaining individuals upgrade
immediately and the game ends in one period. Further disclosure of public

information will not have any effect.

3. With endogenous ordering, if the number of individuals is large and individ-
uals are patient enough, at any fixed time, nearly all individuals wait due
to the negligible information disclosed. In this case, if individuals can be
forced to move with an exogenous order, the resulting equilibrium is more

efficient because exogenous ordering tends to aggregate more information.

There are some papers which investigate the decision problem with endoge-
nous ordering. For example, Chamley and Gale (1994) investigate a discrete time
investment model which assumes the timing of decisions is endogenous, that is,
individuals try to find the best place in the decision-making queue. In their

model, there are only two types of individuals: those with investment options



and those without. Those individuals without investment options are assumed to
be passive. In contrast, in our model we allow for a finite or an infinite number
of types of individuals. Given one’s own signals, each individual decides whether
to upgrade immediately or to wait and learn the true value of the new software

package A by observing other individuals” actions.

The rest of the paper is organized as follows. Section 1.2 begins with an
example of two types of individuals in an attempt to capture our main idea.
Section 1.3 provides the setup of a general model and shows the existence of a
symmetric equilibrium with the monotonicity property. Then we characterize
herd behavior under exogenous ordering and endogenous ordering and discuss
our main results. Several extensions and modifications of the general model are

presented in section 1.4 before we offer our conclusion in Section 1.5.

1.2 An Example

We begin with an example of two types of individuals who choose to either up-
grade to the new software package A or to continue using the current software
package B. If an individual continues using the current software package B, he
gets a reservation utility V°, normalized to zero. The benefit from A, denoted
by V, is the same for all individuals and is either 1/2 or —1/2, with equal prior
probability. Each individual privately observes a conditionally independent signal
about the true value of V. Individual ¢’s signal y; is either H or L as described
in the following table, where p > 1/2. The common discount factor is §. Al-
though the discount factor does not play a role in the decision making under the

exogenous ordering setting, it does under the endogenous ordering setting.

Before characterizing and comparing the equilibrium results of exogenous and



Table 1.1: Signal Probabilities
Pr(p; = H|V) | Pr(p; = L|V)
V=1/2 D I—p
V=-1/2 1—p D

endogenous ordering settings, we describe some benchmark cases for comparison.
If there are no interactions among the individuals, each individual makes a self-
decision using his own private signal and the prior probabilities. The probability
for each individual making the correct choice is p, the precision of the private
signal. If there is a social planner who can gather the private information from
all individuals, then based on all private signals and the prior probabilities, we can
imagine that the probability for the social planner of making the correct choice
is increasing in the number of conditionally independent signals. Certainly, in
the complete information case, the true value of the new software package A
is known and everyone makes the correct choice. In the other extreme case, if
individuals make random decision, based on only the prior probabilities, then

only half of the individuals will make the correct choice.

1.2.1 Setting I: exogenous ordering

The ordering of individuals is an exogenous sequence and known to all. Individ-
uals differ in their positions in the queue and only one individual moves in each
period. Each individual observes the actions of those before him. When it is
his turn to make a decision, he decides to upgrade or to reject A according to
current public information and his own private signal. With N individuals, the
game ends in N periods. Following the tie-breaking rule in BHW, we assume that

an individual indifferent between upgrading and rejecting A chooses to upgrade



or to reject A with equal probability.%

Similar to the specific model in BHW, the equilibrium decision rule is de-
scribed as follows. In period 1, the first individual rejects A if his signal is L and
upgrades to A if his signal is H as the signal precision p > 1/2. In period 2,
the second individual can infer the first individual’s signal from his predecessor’s
decision. Based on his own private signal and the inferred first individual’s signal,
the second individual makes the following decision: if the first individual rejects
A, he rejects A if his signal is L and rejects or upgrades to A with equal prob-
ability 1/2 if his signal is H; if the first individual upgrades to A, he upgrades
to A if his signal is H and rejects or upgrades to A with equal probability 1/2 if
his signal is L. In period 3, we have one of the following three situations: (1) if
both predecessors reject A, then the rejecting herding phase starts — the follow-
ing individuals reject A regardless of their own signals; (2) if both predecessors
upgrade to A, the upgrade herding phase starts — the following individuals up-
grade to A regardless of their own signals; (3) if one predecessor rejects A while
the other upgrades to A, the third individual and the forth individual are in the
same situation as the first individual and the second individual respectively. The
following individuals are in the similar situation until the game ends in period

N.

1.2.2 Setting II: endogenous ordering

Individuals are allowed to choose the time of acting (upgrading to A) or waiting
(continuing using B). In any period ¢, each individual decides to wait or to
upgrade to A if he has not upgraded to A yet. If he waits, he gets reservation

utility VV° = 0 and has the option of upgrading to A later.

6The tie-breaking rule matters for the efficiency of the exogenous ordering setting. In section
1.4.1, we discuss the general tie-breaking rule.



The equilibrium decision rule has the following properties (See the Appendix):

(i) Period 1: For the symmetric equilibrium, there exists a §*(V, p),
which is decreasing in N and increasing in p. In period 1, type L
individuals will wait to see type H’s action. Type H individuals will
upgrade to A for sure if 6 < 0*(N,p). Otherwise, type H individuals
will upgrade to A with some probability 0 < py1 < 1, where pg; is

decreasing in § and N, and increasing in p.

(ii) Large Number of Individuals: If the number of individuals
is large, there exists a 6*(p) = limy_o 0" (N, p). If § < §*(p), type
H individuals will upgrade to A for sure in period 1. If § > §*(p),
at any fixed time, nearly all individuals wait due to the negligible

information disclosed.

Intuitively, in period 1, for type L individuals, the expected benefit from

upgrading to A is (% —p) < 0. The expected benefit from waiting is greater
than or equal to the benefit from waiting forever, which equals zero. Therefore,
a type L individual will wait for sure in period 1. For type H individuals, in

period 1, the expected benefit from upgrading to A is (p — ) > 0. If no one

2
else upgrades to A, the expected benefit from waiting is equal to the benefit from
waiting forever, which equals zero. A type H individual will upgrade to A if no
one else upgrades. For a symmetric equilibrium, this means pg 1 (the probability
of type H individuals upgrading to A in period 1) is greater than zero. If discount
factor 0 is low enough, type H individuals will upgrade to A for sure. As the
number of individuals N increases, precision of signals p decreases, and discount

factor 0 increases, type H individuals have a higher incentive to wait and py

decreases.

For the case of large number of individuals, if py; is strictly greater than 0,



by the Law of Large Numbers, the true value of the new software package A will
be (approximately) revealed in the second period. In this case, if individuals are
patient enough, then all individuals will wait in period 1 such that py; is equal
to 0. This is a contradiction. Thus, if the number of individuals is large and
individuals are patient enough, in any period oo > ¢t > 1, the game is “almost”
the same as the period 1 game. The probability of type H individuals upgrading
to A in period ¢, which is denoted by pg, is equal to 0 or approximately equal to
0. Consequently, at any fixed time, there is a negligible proportion of individuals

upgrading to A and so is the information disclosed.

1.2.3 Expected Number of Correct Choices

Let X(N) represent the expected number of correct choices with N individuals
in the game. Subsequently, X(N)/N is the average expected number of correct

choices. We present the following results.

Result 1.1 (See the Appendixz) For the example above, given 6 and p,

(i) Impatient Individuals: If 6 < §*(p), the equilibrium with en-
dogenous ordering is more efficient in terms of inducing a larger ex-

pected number of correct choices.

(ii) Patient Individuals: If 6 > §*(p), there exists an N*, such that
if N < N*, the equilibrium with endogenous ordering is more efficient
i terms of inducing a larger expected number of correct choices; there
also exists an N**, such that if N > N**, the equilibrium with exoge-
nous ordering is more efficient in terms of inducing a larger expected

number of correct choices.



Figure 1.1 sketches out the implication of Result 1.1. We can see that if N is
large and individuals are patient (stage III in the figure), endogenous ordering is

worse than self-decision, not to mention exogenous ordering.

X(N)/N
/ Complete
T [ressenssssesnetseit e os Information
NPTTTLIL A '| o |
| |
| |
. ! Endogenous
| s :' \ Ordering (Impatient)
I I
Pl Il....................':,‘:‘.....JI .................... Exogenous
| ol \ Ordering
U2 e :, ............................ 1 Ll Self Decision
I I \
| | Endogenous
: : Ordering (Patient)
| |
: : * Random
| | Decision
| |
| |
N A J N
e Yy Y
Stage I Stage 11 Stage 111

Figure 1.1: Average Expected Number of Correct Choices

1.3 The General Model

In this section, we first provide the basic setup of our general model. Then we

characterize herd behavior under exogenous ordering and endogenous ordering.

1.3.1 Basic Setup

There are N individuals. All are rational and risk neutral. There is a new
software package A available for upgrading. Individuals currently use software

package B. Assume that the true value of A, denoted by V', is chosen by nature at

10



the beginning of the game, and is unknown to the individuals.” Individuals only
know V follows some prior distribution Fy(V'), with density fo(V'). To emphasize
the information aspect, we concentrate on pure information externalities: each
individual’s payoff only depends on his own action and the state of nature.

We focus on the case that upgrading to A is an irreversible binary choice.®

The indivisibility of the action space is important. As in Banerjee (1992), since
the choices made by individuals are not sufficient statistics for the information

they have, the error prone herding can occur.’

At the beginning of the game, individual ¢ in the market freely observes some
conditionally independent private signal p; € [u, 2], which follows some distribu-
tion F'(u;|V'), with density f(u;|V'). Assume individuals are more likely to get a
higher private signal (indicating higher value of A) if the underlying V' is higher.

Assumption 1: F(u;|V) satisfies the Monotone Likelihood Ratio Property

"Rosenberg (1976) points out that there exist two types of technological uncertainty. First,
when an innovation is introduced, it may have some imperfections: “Innumerable ‘bugs’ may
need to be worked out. The first user often takes considerable risk.” In addition, current
innovation could be improved further in the future. There are two possible situations for the
future possible improvement: expected or unexpected. If it is expected, then it only increases
the benefit from waiting by some constant amount. If it is unexpected, it will not affect the
strategic interactions of the current game until it happens. Thus, we ignore the second type of
technological uncertainty here. When we investigate the switch from one innovation to another,
the future improvement, either expected or unexpected, could be incorporated.

8There exists extremely high “disruption costs” involved in upgrading. In other words, we
could see this upgrade as a perpetual American call option as in Grenadier (1999). In Grenadier
(1999), decisions are made in continuous time and there is a state variable, which follows some
exogenous continuous time stochastic process. In this paper, we assume discrete time decision
and no exogenous state variable.

9Banerjee (1992) assumes a continuous action space and gets similar herding results as BHW.
This is due to the degenerate payoff function as pointed out by BHW. Park (2001) assumes
perfect observability. Therefore, in his model players share the same information and hidden
information is not an issue.

11



(MLRP)'¥ with respect to V, i.e.

M increasing in - p; VV; >V,

If individual 7 upgrades to A in period ¢, then in the following periods, ev-
eryone knows individual ¢ upgrades to A in period t. The public information
available at the beginning of period t is denoted by h;, which includes the prior
information of V| actions and the equilibrium strategy profile of all individuals
before ¢. If an individual does not upgrade to A, he gets reservation utility V9,

normalized to zero. The common discount factor is §.

1.3.2 Herd Behavior with Exogenous Ordering

If we assume the ordering of individuals is exogenous, in which only one individual
moves in each period in an exogenously given order, then there are no strategic
interactions among individuals. When it is one’s turn to make a decision, he
decides whether to upgrade or to reject A given the current public information

and his own private signal.

The equilibrium decision rule is a sequence of critical values

{wg (he) 3o

such that the individual making the decision in period t upgrades to A if his
private signal p; > pj(h:); otherwise, he rejects A.'! We can see this sequence

of critical values is not monotone. If the individual in period t upgrades to A,

10T andsberger and Meilijson (1990) point out that this property holds for exponential type
families (binomial with the same number of trials, normal with equal variances, etc.) as well
as for some non-exponential cases such as uniform with the same left endpoint.

"For notation simplicity, we assume the following tie-breaking rule: if an individual i is
indifferent between upgrading and rejecting A, he rejects it whenever u; € (u, i) and upgrades
whenever p; = u.

12



which indicates p; > pf(he), this is “good” news for the individual in period t+ 1.
Thus, in period t +1, p17, 1 (her1) < py (he). Conversely, if the individual in period
t rejects A, piyy (huga) = i (he).

The game is in the strategic phase when the sequence of critical values {p; (h¢) }+
fluctuates in between p and . In the strategic phase, each individual’s decision

depends on both the current public information and his own private signal.

Once the sequence of critical values {u;(hy)}: “breaks” either one of the
boundaries, herding occurs. The upgrade herding phase starts in period 7 if
pi(hs) = p. The individual in period 7 will upgrade to A regardless of his own
private signal. His decision is, therefore, uninformative to others. Thus, u;(h;) =
i1 (hi—1) = p Vt > 7 (see figure 1.2). All the following individuals will upgrade
to A. Similarly, the rejecting herding phase starts in period 7 if pf(h,) = m. All

,U/' (h) 4

7

T~ T N
Strategic Phase Upgrade Herding Phase

Figure 1.2: Upgrade herding with exogenous ordering

the following individuals will reject A and uy(hy) = py_y(he—1) = @ Vt > 7 (see
figure 1.3).

Since public information disclosed only needs to offset the information from
the last individual’s action before the herding phase starts, both upgrade herding

and rejecting herding are not robust to the public disclosure of information. If in

13
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Figure 1.3: Rejecting herding with exogenous ordering

a certain period N >t > 7 there is some public information disclosed such that

p < pi(hy) < i, then the strategic phase starts again.

1.3.3 Herd Behavior with Endogenous Ordering

If we allow the individuals to choose the time of acting (upgrading to the new
software package A) or waiting (continuing using the current software package

B), there exist strategic interactions among the individuals.

The timing of endogenous ordering is as follows:

In period 1, each individual decides whether or not to upgrade to A.
If he does not upgrade to A in period 1, he gets reservation utility

V0 = 0 and has the option of upgrading later.

In period 2, all the remaining individuals decide to upgrade to A or

to wait after observing others’ actions in period 1.

The subsequent periods are the same as period 2. The game continues
until everyone upgrades to A. The time period is denoted by ¢, t =
1,2,3,....
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The benefit from waiting is the information revealed about the new software
package A by other individuals. The cost of waiting is the difference between the

gain from A and the reservation utility.

We first investigate the relationship between the incentive to wait and private
information. We prove any possible symmetric equilibrium must be monotone
with respect to personal private signals. Then, we show the existence and describe
characteristics of a symmetric equilibrium with the monotonicity property by
backward induction in two cases: a continuous private signal space and a finite

discrete private signal space.'?

1.3.3.1 Information and Incentives

The following remark shows that if an individual gets a higher private signal, given
the same history, he believes that V' will be higher, i.e., the posterior distribution

of V satisfies MLRP with respect to private signals.

Remark 1.1

Vi, hy)

FOV I ) increasing in V. Nu; >

Proof. See the Appendix. m
The benefit from upgrading to A in period ¢ for individual ¢ is:
U™ (i i) = Evipgn,V (1.1)
The benefit from waiting in period ¢ for individual 7 is:

UW(Mz‘; hy; 3—i,t> = 5EHt+1(M;ht;s,i,t) [max{UA(,ui; ht+1); UW(Hz‘% Piya; S—z‘,t+1)}]
(1.2)

12Gince the information disclosed through the backward induction construction process may
not be monotone, the equilibrium is not necessarily unique.
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where s_;, represents the strategy profile of all other individuals except for in-
dividual ¢ starting from period ¢; Hyyq(p;; he; S—i¢) represents the set of histories
at the beginning of period ¢ 4+ 1 given p;, hy and s_;,. From the above equation,
we can solve the benefit from waiting forever U" = 0. In this paper, we focus on

the symmetric equilibrium.

Lemma 1.1 Under the worst news, individuals will never upgrade to A. In our
model, the worst news from period t is no one upgrading to A in period t. Under
this worst news, the waiting herding phase starts in period t+1. Thus, with finite
number of N individuals, the game lasts at most N periods before a herding phase

starts.

Proof. See the Appendix. m

The next proposition proves that for any possible symmetric equilibrium, it
must be monotone with respect to personal private signals. That is, individu-
als with private signals indicating higher value of A have a higher incentive to

upgrade.
Proposition 1.1
UA (i ha) — U (uis hs s 5) - imereasing in i Vhi s

Proof. See the Appendix. m

1.3.3.2 Symmetric Equilibrium with the Monotonicity Property

Proposition 1.2 There exists a symmetric equilibrium with the following mono-

tonicity property.

(i) Case I: Continuous private signal space
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The equilibrium strateqy profile is a sequence of decreasing critical values:
{15 (he) }e. In period t with history hy, individuals with p > (5 (ht) upgrade;

others wait.
Case II: Finite discrete private signal space

The equilibrium strategy profile is a sequence of decreasing critical values
{1; (he) }e and a sequence of probability of critical type {px(n,}e- In period
t with history hy, indwviduals with p > p;(hy) upgrade; the critical type

individuals upgrade with probability p,sm,); others wait."?

(ii) Large Number and Patient Individuals: If number of individuals is
large and individuals are patient enough, at any fixed time, nearly all indi-

viduals wait due to the negligible information disclosed.

Proof. See the Appendix. m

Part (i) is from the construction in the above proposition. For part (ii), if the
number of individuals is large and uf(hq) strictly smaller than 7z (finite discrete
private signal space: pg strictly greater than 0), by the Law of Large Numbers, the
true value of the new software package A will be (approximately) revealed in the
second period. In this case, if individuals are patient enough, then all individuals
will wait in period 1 such that pj(h;) = 7 (finite discrete private signal space:
pz = 0). This is a contradiction. Thus, if the number of individuals is large and
individuals are patient enough, in any period oo > t > 1, the game is “almost”
the same as the period 1 game: either pf(h;) = py_y(hi—1) or p;(he) ~ p;_ i (hi—1)
(finite discrete private signal space: either p; = 0 or pz ~ 0). Thus, at any fixed

13 For simplicity, Puz(hy) < 1 is chosen in the construction process so that there is the possi-
bility for the type pf(ht) individuals to remain in the game in period t + 1. Moreover, pf(ht) is
the highest type in period t + 1. If a herding phase starts, all the remaining individuals in the
game either upgrade (p,xn,) = 1) or wait forever (p,=n,) =0).
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time, there is a negligible proportion of individuals upgrading to A and so is the

information disclosed.

From the above proposition, with endogenous ordering the sequence of critical
values is monotone. Intuitively, in any period ¢, all the individuals with p >
i1 (hi—1) upgraded before t. In period ¢, we only need to consider the individuals
with private signals between p and py_;(hs—1). Thus, py(he) < pi g (he1).

Upgrade herding occurs in period 7 when p}(h;) = p (finite discrete signal
space: (i3 (hy) = ;Puz(n,y = 1). All the remaining individuals upgrade to A

in period 7 regardless of their own private signal, and then the game ends (see

figure 1.4).
/U;(h,)u
ﬁ _______________‘:
.". Upgrade Herding Phase
‘e, : A

...‘oo.. i

o g !
H -»

Strategic Phase
Figure 1.4: Upgrade herding with endogenous ordering

Waiting herding occurs in period 7 when pf(h,) = pi_;(h,—1) (finite discrete
signal space: p(h;) = pr_1(hr—1);Puz(n,) = 0). Since no new information is dis-
closed in the following periods, the game remains the same. 1 (h) = pf_ 1 (hi—1)
Vt > 7 (finite discrete signal space: pif (hy) = py_y(hi—1); Pz (h) = Pz, (he—1) = 0
Vt > 1) (see figure 1.5).

Since the public information disclosed only needs to offset the information

from individuals’ actions in the last period before the waiting herding phase

18



H(h)y

7
[ ]
o .'..
%o, oo,
‘ooo. H

......C...O........

Mo ___
>

N T ~
Strategic Phase Waiting Herding Phase

Figure 1.5: Waiting herding with endogenous ordering

starts, the waiting herding phase is not robust to the public disclosure of infor-
mation. If in some period ¢ > 7 there is some public information disclosed such
that p;(hy) < p_y(hi—1) (finite discrete signal space: pj(h) < py i(hi—1) with
Pur(hy) > 0), then the strategic phase starts again. However, if the game falls into
the upgrade herding phase, disclosure of public information after 7 will not have

any effect since the upgrading herding phase only lasts one period.

1.3.4 Robustness

We summarize the results of the impact of public information disclosure on herd-
ing behavior under exogenous and endogenous ordering settings respectively in

the following table.!4

By the game construction, under the exogenous ordering setting, the game
lasts exactly N periods. Disclosure of public information after period N will not
have any effect. Under the endogenous ordering setting, the upgrading herding
phase only lasts one period. Disclosure of public information after 7 will not have

any effect. In contrast, the waiting herding phase under the endogenous ordering

4Here, we only talk about the unexpected disclosure of public information. Section 1.4.2
investigates more variations of public information disclosure.
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Table 1.2: Robustness with respect to Disclosure of Public Information

exogenous ordering endogenous ordering
upgrade rejecting upgrade waiting
herding herding herding herding

time of disclosure N >t > 71 | Not Robust | Not Robust | Robust | Not Robust

of public information t>N Robust Robust Robust | Not Robust

setting could last forever. Disclosure of public information after 7 or even N may

have some effect.

1.3.5 Expected Number of Correct Choices

Proposition 1.3 In the general model, if the number of individuals is large and
individuals are patient enough, exogenous ordering is more efficient than endoge-
nous ordering in terms of inducing a larger expected number of correct choices, if

indiwiduals can be forced to move with an exogenous order.

Proof. From proposition 1.2, with endogenous ordering, if the number of in-
dividuals is large and individuals are patient enough, at any fixed time, nearly
all individuals wait due to the negligible information disclosed. In contrast, in
the self-decision case, each individual still utilizes his own private information
and the prior probabilities. Exogenous ordering is even better since it tends to
aggregate more information by forcing some of the individuals to make decisions
in some given periods. Similar to result 1.1, if the number of individuals is large
and individuals are patient enough, as long as the private signals and the prior
probabilities are informative, exogenous ordering is more likely to induce a larger

expected number of correct choices than endogenous ordering. m
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1.4 Extensions and Modifications

In this section, we first discuss the general tie-breaking rule for the exogenous
ordering setting in the example from section 1.2 (with two types of individuals).
Then we study the effect of the disclosure of public information for the general

model.

1.4.1 General Tie-breaking Rule

In the example presented in section 1.2.1 with exogenous ordering, we follow the
same tie-breaking rule in BHW. An individual indifferent between upgrading and
rejecting A chooses to upgrade or to reject A with equal probability. Now, we
consider the general tie-breaking rule: whenever individuals are indifferent
between upgrading and rejecting A, type H individuals and type L individuals
choose to upgrade to A with probability py and pp respectively. We denote
the general tie-breaking rule as {pg;pr}. The tie-breaking rule in BHW is a
special case of the general tie-breaking rule with {py = 1/2;p, = 1/2}. With
the general tie-breaking rule {py;pr}, the equilibrium decision rule is the same

as the equilibrium decision rule in section 1.2.1 except for the tie-breaking cases.

Result 1.2 (See the Appendiz) In the example with exogenous ordering presented
in section 1.2.1, with the general tie-breaking rule {py;pr}, the expected number
of correct choices is increasing in pg — pr. In particular, {pg = 1;p, = 0} is the
optimal tie-breaking rule in terms of inducing the maximum expected number of
correct choices. Conversely, {pg = 0;pr, = 1} is the worst tie-breaking rule and
the equilibrium result of exogenous ordering in this case is the same as the result

of self-decision in terms of inducing the same expected number of correct choices.
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Intuitively, when type H individuals are indifferent between upgrading and
rejecting A, type L individuals will for sure reject. In this case, for type H indi-
viduals, the higher py is, the more informative their actions are to the followers
in the sense of revealing their own private signals. Conversely, for type L indi-
viduals, when they are indifferent between upgrading and rejecting A, the lower

pr is, the more informative their actions are to the followers.

1.4.2 Disclosure of Public Information

Disclosure of public information could have an influence on the strategic and
herding behavior of individuals. In BHW, with exogenous ordering, initial public
disclosure can make some individuals worse off ex ante. All individuals welcome
public information once a herding phase has begun. Herding is delicate with
respect to new information. A small amount of public information can shatter
a long-lasting herd. With multiple public information disclosures, individuals

eventually settle into the correct herd.

In contrast, in our general model with endogenous ordering, we distinguish the
unexpected and expected disclosures of public information and announcements
of future disclosure of public information in the strategic phase and the waiting

herding phase respectively.

Proposition 1.4 (i) Disclosure of public information in the strategic

phase

If there is a disclosure of public information in the strategic phase, either un-
expected or expected, all the remaining individuals welcome the new information
in the ex ante sense. The announcements of future disclosure of public infor-

mation will increase the individuals’ incentive to wait. However, ex post some
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individuals may be worse off.
(ii) Disclosure of public information in the waiting herding phase

If there is a disclosure of public information in the waiting herding phase,
either unexpected or expected, all the remaining individuals welcome the new in-
formation. And the waiting herding phase is delicate with respect to the new
information. A small amount of public information can shatter a waiting herding
phase. The announcements of future disclosure of public information do not have
any effect on the waiting herding phase until the disclosure of public information

actually happens.
(iit) Multiple disclosures of public information

Multiple disclosures of public information do not always let individuals settle

into the correct herd.

Proof. See the Appendix. m

1.5 Conclusion

In this paper, we investigate herd behavior of sequential decisions under imperfect
information with one-sided commitment. We provide a framework of endogenous
ordering to allow decision makers to choose the time of acting or waiting. We
show the existence and characteristics of the equilibrium. We find that herd
behavior under endogenous ordering is not necessarily less error prone than herd
behavior under exogenous ordering due to the free-rider problem. In particular,
if the number of individuals is large and individuals are patient enough, under
endogenous ordering nearly all individuals are willing to wait and free-ride on
others. Consequently, nearly all individuals wait due to the negligible information

disclosed. In this case, if decision makers can be forced to move with an exogenous
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order, the resulting equilibrium is more efficient because exogenous ordering tends

to aggregate more information. That is to say, more “freedom” may not be better.

Another feature of the endogenous ordering framework is that in a herding
phase, all the remaining individuals either act immediately or wait forever re-
gardless of their own private signals. Thus, there exists an investment surge or
collapse when herding starts. Compared with the exogenous ordering setting, dis-
closure of public information has a completely different impact on the strategic
and herding behavior of individuals. In particular, if the game is in the upgrade
herding phase, all the remaining individuals upgrade immediately and the game
ends in one period. Further disclosure of public information will not have any

effect.

1.6 Appendix

Proof of the Equilibrium Decision Rule with Endogenous Ordering

(The Example from Section 1.2)

(i) Period 1:

In period 1, for type L individuals, the expected benefit from upgrading to A
is (% — p) < 0. The expected benefit from waiting is greater than or equal to the
benefit from waiting forever, which equals zero. Therefore, type L individuals
will wait for sure in period 1. For type H individuals, the expected benefit from
upgrading to A is (p — %) > 0. If no one else upgrades to A, the expected benefit
from waiting is equal to the benefit from waiting forever, which equals zero. Thus,
a type H individual will upgrade to A if no one else upgrades.

Let us check the condition that a type H individual ¢ will upgrade to A for

sure in period 1 when all other type H individuals upgrade to A for sure in period
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1. The expected benefit from upgrading to A is (p — %) Since all other type H
individuals upgrade to A for sure in period 1, all of the possible information is
disclosed for individual ¢ in period 2. If the number of individuals upgrading to A
in period 1 is greater than or equal to [251], where [¥1] is the smallest integer
greater than or equal to %, in period 2 individual ¢ will upgrade to A. Thus,
the expected benefit from waiting is

N-1
) Z Prob(j upgrade in period 1|p; = H)[Prob(V =1/2|j4+1 H in N) — 1/2]

- N—-1
J:( p)

where

N1\ . A , A
Prob(j upgrade in period 1|u; = H) = < ; >[pj+1(1 — )N (1 = p)I TN

2j+2—N

p2it2=N (1= p)2i+2-N

Prob(V =1/2j+1 Hin N) =

Let the expected benefit from upgrading to A equal the expected benefit from
waiting. We get

[N

p—

_ . . . . 2j4+2—N
(Nj 1)[pj+1(1 —p)N-1-i 4 (1 - p)]+1pN*1*]][p2j+271€+(1_p)2j+271\7 —1/2]

0" (N,p) = —x=

1
N—1
7|

J=[

Clearly, §*(V, p) is an increasing function of p and decreasing function of N.
Figure 1.6 illustrates the locus of 6*(N,p = 0.6) decreasing in N. The upper
right area is the mixed strategy area of type H individuals, in which type H
individuals upgrade to A with some probability 0 < py; < 1. The lower left area
is the pure strategy area that type H individuals will for sure upgrade to A in
period 1. The intuition is that as the number of individuals increases, everyone
has a higher incentive to wait. To induce type H individuals to upgrade to A

with probability one, the discount factor should be low.

Figure 1.7 illustrates the locus of §*(V, p) shifting up as p increases. As the
precision of signals p increases, type H individuals have a higher incentive to
upgrade to A. Thus, the pure strategy area of type H individuals becomes larger

as p increases.
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Figure 1.7: The Example from Section 1.2 — Endogenous Ordering

For the symmetric equilibrium, in period 1 type L individuals will wait to see
type H’s action. Type H individuals will upgrade to A for sure if § < §*(N, p).

Otherwise, type H individuals will upgrade to A with some probability 0 < pg; <
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Similar to the proof of Proposition 1 in Chamley and Gale (1994), as py1 and
N increases, information in period 2 is more informative in the sense of Blackwell.
From Blackwell’s theorem, the expected benefit from waiting increases. As § in-
creases, the expected benefit from waiting increases. As p decreases, the expected

benefit from upgrading to A decreases.

To keep type H individuals indifferent between upgrading to A immediately
and waiting, we must have pg, decreasing in ¢ and N, and increasing in p.

Figure 1.8 illustrates the locus of py; when N = 3.
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Figure 1.8: The Example from Section 1.2 — Endogenous Ordering: N=3

(ii) Large Number of Individuals:

If the number of individuals is large, from the above proof we can easily
check that §*(p) = limy_o 0*(V, p) = %. In another way, we may find 6*(p)
under the condition that a type H individual 7 is indifferent between upgrading

and waiting when he knows the true value of the new software package A will
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be revealed in the second period. That is 6*(p) is the solution of the following

equation.
P~ 1/2 = 6By lmaz{V;0}] = 8[1/2p + 0(1 — p)]

If & < 6*(p), regardless of the number of individuals in the game, type H
individuals will for sure upgrade in period 1, since 6*(p) < 6*(N,p). If py; is
strictly greater than 0, by the Law of Large Numbers, the true value of the new
software package A will be (approximately) revealed in the second period. In this
case, if § > 0*(p), then all individuals will wait in period 1 such that pg; is equal
to 0. This is a contradiction. Thus, if the number of individuals is large and
individuals are patient enough, in any period oo > t > 1, the game is “almost”
the same as the period 1 game. The probability of type H individuals upgrading
to A in period ¢, which is denoted by pg, is equal to 0 or approximately equal
to 0. Otherwise, similarly as in period 1, if there exists some finite period T" such
that py r strictly greater than 0, then all individuals will wait till period 7"+ 1.
This means py, = 0 V¢ <T'. That is a contradiction. Consequently, at any fixed
time, there is a negligible proportion of individuals upgrading to A and so is the

information disclosed. m

Proof of Result 1.1

(Complete information) With complete information, the true value of
A is known. Everyone makes the correct choice, which means X¢/(N)/N = 1.

Certainly, this is the upper bound of X(N)/N.

(Social planner) If there is a social planner who can gather the private

information from all the individuals, then based on all the private signals and the
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prior probabilities,

N

NY . s N 1
XarW/N = 30 (0= 0 1 i v | (g 220 -2
. j /
Jj>N/2
where 1N ig eyeny is the indicator function; if N is even, 1 (N is eveny = 15

otherwise, 1 (N is eveny = 0.

(Self-decision) If there are no interactions among the individuals, each
individual makes a self-decision using his own private signal and the prior prob-

abilities. Then based on the precision of private signals, X¢sp(N)/N = p.

(Exogenous ordering) With exogenous ordering, according to the equi-
librium decision rule in section 1.2.1, we have
Xpx(1)/1=p
Xex(2)/2=p
Xex(N)/N =p* +p(1 = p) {*5° [¢Xex(N = 2) — 3] + 1} VN >3
We can easily check that Xgx(3)/3 > p and Xgx(4)/4 > p. Then plugging
back to the above formula and by induction, we have Xgx(N)/N > Xgp(N)/N =

p, VN > 3. As N — oo, Xgx(N)/N — pll/fl(;:;?, where 1{3&;@ > 1.

(Endogenous ordering)

With endogenous ordering, Xpn(1)/1 = p; Xgn(2)/2 = p. The results are
equivalent to the cases of self-decision and exogenous ordering with 1 or 2 indi-
viduals respectively.

(i) Impatient Individuals

According to the equilibrium decision rule in section 1.2.2, if § < 6*(p) <
0*(N,p), type H individuals will for sure upgrade in period 1 and type L indi-

viduals will wait to see type H’s action. In period 2, all the possible information
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is disclosed. Thus, conditional on V' =1/2,

N

Xenpy=12(N)/N = > <N>Pj(1—P)Nj+1{N is even} [(N]\/]2>PN/2(1—P)N/23/4
J>N/2
J<N/2
N\ o e
+ ; <j>p](1 pNj/N

Conditional on V = —1/2,

N
XENW:_l/Q(N)/N :1{N is even} [(N/Q) (1 —p)N/2pN/21/4

J<N/2

N . . .
+ ]Z:; <j>(1—p)JpN (N —j)/N

Unconditional average expected number of corrected choices,

1 1
XEN(N)/N = §XEN|V:1/2(N)/N + §XEN|V:—1/2<N)/N

Using the exhaustion method (Matlab simulation), we can check that
Xsp(N)/N > Xgn(N)/N > Xgx(N)/N for N > 3 and not too large. For N
large but still less than N*, Xpnjy—1/2(N)/N converges to 1 and Xpyjy——1/2(N)/N
to p. Then Xgy(NN)/N converges to p12ipp. 12ipp > % implies Xgn(N)/N >
Xgx(N)/N for N large.

(ii) Patient Individuals

If 6 > 6*(p), by continuity, there exists an N* such that § = 6*(N*, p), since
0*(N,p) is decreasing in N. If N < N*, then § < §*(V,p). Similar as the proof
of Impatient Individuals case above, in period 1, type H individuals will upgrade
to A for sure and type L individuals will wait to see type H’s action. In period
2, all the possible information is disclosed. We have Xgn(N)/N > Xgx(N)/N
for N < N*.

If N is large enough, according to the equilibrium decision rule in section

1.2.2, for any finite period ¢, pg; is either zero or approximately equal to zero.
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At any fixed time, nearly all individuals wait due to the negligible information
disclosed. Thus, there exists an N** such that for all N > N**, Xpnjy=1/2(N)/N
converges to zero and Xgnjy=—1/2(N)/N to one. Then Xgy(N)/N converges to
1/2, which is less than Xgp(N)/N =p. =

Proof of Remark 1

Since it has been assumed that the private signals u are independent conditional

on V', we have

S (s, hel V') fo(V) _ S (V) f(he V) fo(V)

fV iy he) =

f (i, he) J (i, he)
/ I (i V) fo(V) f(gl V) f(Re| V) fo(V)
V 3 h/t = —
f( |/’Ll7 ) f(ﬂ/;; h/t) f(,u,/“ ht)
This implies
FWVli ) TS F V) Fl b
F(Vul he) f("w}{(i“,llv))f‘)(v) V) F s he)
gyt

Then VV; > V5,

F(Valpi,he) f(ui|Vi) f(ug,he) S (i V1)
FValpishe)  F(gIVa) flpashe)  FluilVe)
SValps,he) — f(ualVa) flulbhe) — f(ul|Vi)
F(Valuj,he) F(iIV2) f(uishe) F(pi|V2)
By Assumption 1,
flulVa) . .
“————= increasing in pu; VV; >V,
f (il V) '
So, we have Yu; > !
F(Valpishe) £ (pilV1)
FValpjhe)  FluslVa) >1
F(Valpihe) — fpivi) =
JF(Valul,ht) A%
which means
SV i, hy)

increasing in - V' Vpu; >
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Proof of Lemma 1.1

If in period ¢ individual i chooses to wait, then UA(ps; he) < UY (pi5 hes 5_iz).

By the Martingale property,
UA(:ulu ht) = EHt+1(Hi;ht;S_i,t)UA<,ui; ht+1)

The set of histories Hyiq(p; he; s—it) can be decomposed into two disjoint sets:
H{L(Mi; he; s—ip) and Hﬂr/l(ui; he;s_it), where H{L(Nz‘? he;s—it) is the set of his-
tories in period t 4+ 1 in which individual ¢ will upgrade to A according to some
strategy s; of individual 7; Hgffl(ui; he; s_it) is the set of histories in period ¢ + 1
in which individual ¢ will wait according to some strategy s; of individual . Then
we have

UA(ui; hy) = Eya

t+1

(/"‘i;ht;S—i,t)UA(/“’Li; ht—i-l) + EHﬁl(ui;ht;s_i,t)UA(NiQ ht—l—l)
By equation 1.2,

UW(:UZ'Q hy; S—i,t) = 6EHt+1(Hi§ht§37i,t) [maaj{UA(:uﬁ ht-i-l); o (ﬂi; hitr; S—i,t+1)}]

A
t+1(/,L7;;ht;S—i,t)U (,LL“ ht-l-l) + EHtV_VH(ui;ht;s,i’t)UW<ui; ht—l—l; S—i,t—l-l)]
Suppose under the worst news from period t individual i still upgrades in
period ¢t + 1. Then he will for sure upgrade in period ¢t + 1, which means
HKl(NiQ hy;s_it) = 0.

Back to the above equations, we have

U™ (pi; i) = Epga

t+1

UW(MH ht; S—i,t) = 5EHﬁ1(ui;ht;s—i,t)UA<Mi; ht-i—l)

(pisht;s—it) UA(NZ‘? ht+1)

Since H)Y (pishe;s—ip) = 0, UV (pihes_ip) > UY = 0. We have
UA(pi; he) > UY (w35 hes s_i4). This is a contradiction.
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In our model, the worst news in period t is no one upgrades. Under this
worst news, the waiting herding phase starts in period t+4 1. To keep the upgrade
going, at least one individual must upgrade to A in each period. Thus, with finite
number of N individuals, the game lasts at most NV periods before a herding phase

starts. m

Proof of Proposition 1.1

By Remark 1, f(V|u, h;) satisfies MLRP with respect to p. According to Lands-
berger and Meilijson (1990), F'(V|u;, hy) first order stochastic dominates (FOSD)
F(V |, hy) for any p; > pif. So, U (i hy) > U (i hy) for any hy.

Similar to the proof of Lemma 1.1, by the Martingale property,

U™ (pi; i) = Epga

t+1

(,ui;ht;s_i,t)UA(:ui; ht-f—l) + EHﬁl(ui;ht;s_i,t)UA(ui; ht-l—l)

U (i his 8 i) = OBH, . (uushess 0 [maz{U (i hegr); U (s i s-ii1) Y]

t+1

(ui;ht;sfi,t)UAOJ’i; ht+1) + EHtV_VH(ui;ht;s,i’t)UW<ui; htJrl; Sfi,tJrl)]

Thus, for any non-negative integer j

UA(M‘; ht) - 5jUW(#z‘; hy; S—z’,t) = (1 - 5j+1)EHgl(ui;ht;s_i,t)UA(M; ht+1) (1 3)

+ Eyw (M;ht;s,i,t)[UA(Mi; ht+1) - 5j+1UW(Mi; Piy1; 371,t+1)]

t+1
Let us check the incentives of waiting and upgrading for individual ¢ who has

a lower private signal p; < p;. Similarly, we have

U (i he) = 87U (i b s i) = (1 = 5j+1)EHgl(u;;ht;s_i,t)UA(MQ; hit1) (1.4)
+ Egw )[UA(PJ;; hiy1) — 5j+1UW(M;§ his1;S5—its1)]

t+1(ug§ht§57i,t
By Lemma 1.1, the game lasts at most N periods before a herding phase

starts. Suppose either an upgrading or a waiting herding phase starts in period

T < N, which means no one will upgrade to A after period T given history hr and
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strategy profile (s;r,s_;r). With a herding phase starting in period 7', no more
new information is disclosed in period T + 1, which means U" (u;; hy;s_j7) =

UY (ul; hery s_ir) = 0. Thus, in period T,
UA(Ni; hr) — 5jUW(,ui; hopss_im) > UA(M;§ hr) — 5jUW(N/i§ hr;s_ir)

Back to period T —1, since herding starts in period T', H# (ps; hy—1;8_ir—1) =
H (s hp—vy s—ir—1) and HY (i hr—1;s—ir-1) = Hy (Wi hr—1;5—r-1). By

equation 1.3 and 1.4,

U (uis hr—1) — S UY (uis hr—1; s_ir—1) > UNpls hr 1) — U (il by 15 501)

When 57 = 0, the above formula implies that individuals with private signals
indicating higher value of the new software package A have a higher incentive to

upgrade given the same public history in period 7' — 1. That is to say,

Hp (i hr—2; S_im—2) 2 Hpy (10} hr—2; S 7—2)
HY (i hy—o;5_im—2) € HY (ks hr—95 8_i1—2)
Back to period T' — 2, by equation 1.3 and 1.4,
Uiz hr—2) = U™ (ishr—a55im—2) = (1= 0" Ega (g sy ro)U (ishr 1)
+ (A= 0"Ega e s sr ) Y (utshrzsssra)U 7 (i3 hr 1)
+Enw oo o) U (s hr1) = 67U (s hr 1555 01))]
UM pishr—a) = 67U (uis hr—ass—im—2) = (1= ") Ega (uing_sis s ro)U (Wi hr1)

+E [UA (s hr—1) = 87U (i 158 —5,0-1))]

H2 | (pishr—25s—i,r—2)NHY | (u)hr—235_5 1—2)

+EH,¥V71(;”;hT_2;S—i,T—2) [UA (:U’;v hT—l) - 5j+1UW (,U’;v hT—l; S—i,T—l)]

For hy_y € [Hp_y (pi; hr—2; S—im—2) NVHE (105 hr—a; 5_i.7-2)],

UY (il hp 1y s 1) > Ul hr )
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which implies U (pf; hp 1) =67 U (fs hp 13 5-50-1) < (1= U (pj; hr—y) <
(1 — &)U (ps; hr—y). Thus,

UA(/M;; hr_s) — 5jUW(/M; hr_s; Sfi,TfQ) > UA(/L;; hr_s) — 5jUW(N;; hr_s; Sfi,TfQ)
And so on, for any t < T
U (s he) = U (s b 53.0) > U (s he) = 070 (s b s 40)

Let j = 0. We are done. m

Proof of Proposition 1.2

(i) Case I: Continuous private signal space

Let G,,(h;) represent the subgame starting from period ¢ with history h;, where
n is the number of individuals remaining in this subgame.!® Use backward in-

duction.

Step 1 Start from the subgame with only one individual, G;(h;). We can find
a critical value pf(h;) which is the solution of UA(uf(h);h:) = 0. An

individual with g > p;(h;) upgrades; otherwise, he waits forever.

Step 2 Now consider the subgame with two individuals Gs(h;), by Lemma 1.1,
this subgame lasts at most 2 periods. In period ¢ 4 1, there are three
possible cases: (1) there are still two individuals remaining in the game
(waiting herding starts); (2) there is only one individual remaining in the
game (Gi(hi+1)); (3) there is no one remaining in the game (game ends).
By Proposition 1.1, for any symmetric equilibrium, individuals with private

signals indicating higher value of A have a higher incentive to upgrade.

15, must be compatible with hy.
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We can find a critical value p;(h;) which is a function of py,,(hiy1) in
the subsequent subgame G;(hy11). Individuals with p > p;(hs) upgrade;

otherwise, they wait.

Step N Continue to the subgame with N individuals Gy (h;), by Lemma 1.1,
this subgame lasts at most N periods. Similarly, there are N + 1 possi-
ble cases: (1) there are still N individuals remaining in the game (waiting
herding starts); (2) there are N — 1 individuals remaining in the game
(Gn_1(hty1));- -5 (N) there is only 1 individual remaining in the game
(G1(hty1)); (N +1) there is no one remaining in the game (game ends). We
can find a critical value 1 (hy) which is a function of yy ;(hsy1) in the sub-
sequent subgames Gn_1(hti1), ..., Gi(hir1). Individuals with g > pf(he)

upgrade; otherwise, they wait.

We can see in the final Step N if we replace h; with hy then Gy (h:) is the

original game.
Case II: Finite discrete private signal space

Denote the private signal space by {1, po, . .., ik }, where p; < ps < ... <
pr. The strategy profile starting from period ¢, s, = {P.}>2,, where P, =
{pu.-1, and p,, . represents the probability of type puj upgrading to A in
period 7. For p;, UA(wi; hy) — UY (ui; hy; { P }22,) is continuous in p,, , Vpg, 7.
Let Gurn(he) represent the subgame starting from period ¢ with history h;, where
M and n are the set of possible types and the number of individuals remaining

in this subgame respectively.!©

16 Af n must be compatible with h;.
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By Proposition 1.1, for any symmetric equilibrium, individuals with private
signals indicating higher value of A have a higher incentive to upgrade. Thus,
with a finite number of individuals and a finite number of individual types, back-
ward induction can be used to construct the symmetric equilibrium through the

following steps.

Step 1.1 Start from the subgame Gy, },1(h¢) with only one individual whose
private signal is pq. That is, M = {u1}. Since all the information is

disclosed, UY (pu1; he; {pu, 4 }) = U" = 0. There are three possible cases:

1.1.1 If UA(pg;hy) < 0, {pu,+ = 0} is the equilibrium strategy profile in
period t. The continuation game in the following periods is the same

as the period t game since h, = hy, V7 > t.

1.1.2 If UA(pg;he) = 0, {0 < p,y < 1} will be the equilibrium strategy
profile in period t. If the game does not end in period ¢, the continua-
tion game in period ¢ 4 1 is the same as the period ¢ game Gy,,y,1(he),

since hyy1 = hy.

1.1.3 If U (13 he) > 0, {pu, . = 1} is the equilibrium strategy profile and

game ends.

Step 1.N Consider the subgame Gy} n(h) with N individuals whose private
signals are p1. Since all the information is disclosed, UY (uy; h; {pyy 1 }) =

U™ = 0. Same as the subgame G111 (he), there are three possible cases:

1.N.1 If U4(p;he) < 0, {pu,c = 0} is the equilibrium strategy profile in
period ¢t. The continuation game in the following periods is the same

as the period t game since h, = hy, V7 > t.
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1.N.2 If U (s he) = 0, {0 < pu,+ < 1} will be the equilibrium strategy
profile in period ¢. If the game does not end in period ¢, the continu-
ation game in period ¢t + 1 is Gy 3.0 (hes1), where 0 < n < N. Note,
hy = hy, V7 > 1.

1.N.3 If UA(puy; he) > 0, {pu,+ = 1} is the equilibrium strategy profile and

game ends.

Step 2.1 Now consider the subgame Gy, ,1,3,1(h¢) with only one individual whose
type belongs to g1, ps. That is, M = {u1, pe}. There are three possible

cases:

2.1.1 If 0 > UAua; hy) > UApa; he), then {pu,+ = 0,p.,: = 0} is an
equilibrium strategy profile in period . The continuation game in
the following periods is the same as the period ¢ game since h, = hy,
VT > t.

2.1.2 If U (pg; he) > 0 > UA(pg; hy), then py type will for sure wait in pe-

riod ¢. Since all the information is disclosed, UY (u2; he; {Dyu s Pyt }) =
U (g1 h; APy ts Dot }) = U = 0. Thus, {pu,+ = 0,pu,¢ = 1} is an
equilibrium strategy profile in period t. If the game does not end in
period t, the continuation game in the following periods is the same
as the period ¢ game since h, = hy, V7 > t.

2.1.3 If UMugshy) > UA(pa;he) > 0, then {py,+ = 1,ps = 1} is an

equilibrium strategy profile and game ends.

Step 2.N Now consider the subgame Gy, 43,5 (h¢) with N individuals whose
types belong to g1, po. That is, M = {uy, pu2}. There are three possible

cases:
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2.N.1 If 0 > Upg; he) > UA(py; he), then {pu, s = 0,pu = 0} is an
equilibrium strategy profile in period ¢t. The continuation game in
the following periods is the same as the period ¢t game since h, = hy,

V71 > t.

2.N.2 If UA(ug; hy) > 0 > U?(p1; hy), then gy type will for sure wait in
period t. Consider the strategy profile in period t: {pu,+ = 0, put =

1}. There are two possible cases:

2.N.2.1 If Ui he) — U (pas b {pprt = 0,pppe = 1}) > 0 >
U (s he) =U" (g1 has Dy ¢ = 0, Pse = 13), then {p, 1 = 0,ppp 0 =
1} is an equilibrium strategy profile in period ¢. The continuation
game in period ¢ 4 1 is Gy, 3,0 (het1) if the game does not end in
period ¢, where 0 < n < N.17

2.N.2.2 If 0 > UA(pz;he) — U (p2s hes P e = 0,ppoe = 1}) >
U (pa1; ) =UY (pur; b {Dpur o = 0, ppe = 1}), then decreasing py, 4
till 0 = UA(pa; he) — U™ (p2; hes {Ppat = 0, ppa i }) > UA(pa; he) —
U (w15 b {pus.t = 0,Dp5.4}) by continuity. The solution {p,, ; =
0,pu,+} to the above formula is an equilibrium strategy profile in
period ¢. The continuation game in period ¢ 4 1 is Gy, uoyn(Pes1)

if the game does not end in period ¢, where 0 < n < N.

2.N.3 If UA(po; he) > UA(p1;he) > 0, then {Pit = 1,puss = 1} is an

equilibrium strategy profile and game ends.

I"Note, since the benefit from waiting is derived from the continuation game, we must con-
struct the entire scheme of the continuation game first, then find out if the conjectured strategy
profile {p,, + = 0,pu,,+ = 1} is indeed an equilibrium in period t. Same logic applies to the
following proof.

39



Step K.1 Continue to the subgame Gy, ... uxc3.1(he) with only one individual

whose type belongs to p1, fio, . . ., ie. Thatis, M = {uq, po, . .., i }- There

are KK + 1 possible cases:

K.1.

K.1

K.1

1 If 0> UMpres he) > UMNpug—1;he) > ... > UApg; by), then {p,, =
0,Pust = 0,...,puxs = 0} is an equilibrium. The continuation game
in the following periods is the same as the period t game since h, = hy,

V71 > t.

2 U2 (e hy) > 0> UApge—1; he) > ... > U (1 he), then p, o, . . .

i1 types will for sure wait in period ¢. Since all the informa-
tion is disclosed, UY (pure; hi; {Ppir s Pnsts - -+ > Puserts Puge it }) = «ov =
UW(Ml; hy; {p,uht;p,ug,tu . ,puK,l,t,ppK,t}) = QW = 0. Thus, {pm,t =
0,Pu0t =0, .. D1t = 0,0+ = 1} is an equilibrium strategy pro-
file in period t. If the game does not end in period ¢, the continuation
game in the following periods is the same as the period ¢ game since

hy = hy, V7 > t.

K IfUA(ILLK,ht) > UA(/LKfl;ht) > ... > UA</,L2, ht> >0 > UA<M1;ht>,

then p; type will for sure wait in period t. Same logic, {p,,+ =
0,pust = 1,..., Py = 1} is an equilibrium strategy profile in pe-
riod t. If the game does not end in period ¢, the continuation game in
the following periods is the same as the period ¢ game since h, = hy,

V71 > t.

KA1 If UA(pg; he) > U1 he) > ... > UA(py; hy) > 0, then

Pt = 1,pust = 1, ..., puss = 1} is an equilibrium strategy profile

and game ends.

40



Step K.N Continue to the subgame Gy, ,i,.... 3,5 (he) with N individuals whose
types belong to pq, pa, ..., pr. That is, M = {uy, po, ..., pr}. There are
K + 1 possible cases:

K.N.1 If0 > U (ug; he) > U (g—1;he) > ... > UA(p1; hy), then Pt =
0,Pust = 0,...,Duxs = 0} is an equilibrium. The continuation game
in the following periods is the same as the period ¢t game since h, = hy,

V71 > t.

K.N.2 IfUA(ug; he) > 0> UMNug_1;he) > ... > UApas by), then pg, pio, . ..
i1 types will for sure wait in period ¢t. Consider the strategy profile
in period t: {pu,+ =0,Put =0, .., Dug_1t = 0,04t = 1}. There are

two possible cases:

K.N.2.1 U (uge; he) = U (pre; By {Ppnt = 0, Dyt = 0, ooy Dy 1t =
0, Pt = 11) > 0> UANpre—1; he) —UY (pc—15 h; {Ppst = 0, Dpupt =
0, Pug 1t = 0,0pper = 1}), then {py, s = 0,ppot =0, ..., Dpe 10 =
0,puxt = 1} is an equilibrium strategy profile in period ¢. If the
game does not end in period ¢, the continuation game in period
t4+ 118 Gluy oy pie1}m(Peg1), where 0 <n < N.

K.N.2.2 If 0 > U*pr; b)) — UV (pre; i {ppnt = 0,0 = 0,0,
Pug_rt = 0,Dus = 1}), then decreasing p,,,. ; till 0 = UA(pugc; hy) —
UW(MK;ht;{pm,t = 0,0p2t = 0,0 D1t = 0,puee = 1}) by
continuity. The solution {p,, + = 0,0t =0, ..., Pus 1t = 0, Dpget }
to the above formula is an equilibrium strategy profile in period
t. If the game does not end in period ¢, the continuation game in

period ¢ 4+ 118 Gu o, s} n(Pig1), where 0 <n < N.
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K.N.K IfUAug;he) > UMNpg_13he) > ... > U (23 he) > 0> Uy hy),
then p; type will for sure wait in period ¢. Consider the strategy profile
in period t: {pu,+ = 0,pupt = 1,...,Pus+ = 1}. There are K possible
cases. Check if this strategy profile is an equilibrium strategy profile in
period ¢. If not, decrease p,,; from 1 to 0. Then decrease p,, + from 1
to 0. And so on, decrease p,, + from 1 to 0. Eventually, by continuity,

we will find a symmetric equilibrium for subgame Gy, 1o i1 v (Re)-

K.N.K+1 If UAug;he) > UMNpug—13h) > ... > UANug;hy) > 0, then
Pt = L,puor = 1,..., Py = 1} is an equilibrium strategy profile

and game ends.

We can see at the final Step K if we replace hy with hy then Gy, i, nv (R1)

is the original game.
(ii) Large Number and Patient Individuals:

If the number of individuals is large and pj(hq) strictly smaller than 7z (finite
discrete private signal space: pg strictly greater than 0), by the Law of Large
Numbers, the true value of the new software package A will be (approximately)
revealed in the second period. In this case, if individuals are patient enough,
then all individuals will wait in period 1 such that pj(hy) = 7 (finite discrete
private signal space: pz = 0). This is a contradiction. Thus, if the number of
individuals is large and individuals are patient enough, in any period co >t > 1,
the game is “almost” the same as the period 1 game: either uj(h) = pui_q(hi—1)
or py(hy) ~ p;_;(hi—1) (finite discrete private signal space: either pz = 0 or
pz ~ 0). Otherwise, if there exists some finite period 7" such that p;(h;) strictly

smaller than p; (h.—1) (finite discrete private signal space: py strictly greater
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than 0), then all individuals will wait until period T + 1 since they are patient
enough. This means the probability for all types of individuals upgrading to A
is equal to zero Vt < T'. That is a contradiction. Thus, at any fixed time, there
is a negligible proportion of individuals upgrading to A and so is the information

disclosed. m

Proof of Result 1.2

According to the equilibrium decision rule in section 1.2.1, with the general tie-

breaking rule {pg;pr}, we have Xpx(1)/1 = Xgx(2)/2 =p and VN > 3

Xex (/N = +50 -9 { 20k = o) [ X (V- 2) - 3 1)

We can easily check that Xgx(3)/3 > p and Xgx(4)/4 > p. Then plugging
back to the above formula and by induction, we have Xgpx(N)/N > p, VN. As

p>+1/2p(1—p)(1—(p—pL))
N — 00, Xpx(N)/N — 1-p(1=p)(I1+(pr—pL))

Since VN, Xpx(N)/N > p > 3, from the above formula, we can sece
Xgx(N)/N increasing in py — pr. In particular, Xgx(N)/N achieves its max-
imum when {py = 1;pr = 0}. Xgx(N)/N achieves its minimum p when
{pg = 0;pr, = 1}. In other words, with the tie-breaking rule {py = 0;p;, = 1},
the equilibrium result of exogenous ordering is the same as the result of self-

decision in terms of inducing the same expected number of correct choices. m

Proof of Proposition 1.4

(i) Disclosure of public information in the strategic phase

Suppose there is a disclosure of public information at the beginning of period

t which belongs to the strategic phase, either unexpected or expected. In the ex
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ante sense, without the new information, the expected payoff for individual 7 is
maz{U (s he); U (i hs s-i4) }
With the new information, the expected payoff for individual i is

A .7 -7
Eﬁf(ui;ht;s,iyt)U (:uu ht) + Eﬁy(ui;ht;sfi,t)UW(ﬂi’ ht)

where F[{L‘(,ui; he; s—_;) is the set of histories in period ¢ in which with the new in-
formation individual ¢ will upgrade according to some strategy s;. ﬁ]fv (peis by S—it)
is the set of histories in period ¢ in which with the new information individual ¢

will wait according to some strategy s;.

Following the same logic as presented in the proof of Proposition 1.1, by the

Martingale property,
UA(Mi; hy) = Eﬁt(ht;s,iyt)UA(Mi; ilt)
- Eﬁ[{q(ﬂﬁht;s—i,t)UA(’ui; ht) + Eﬁy(ui;ht;s_iyt)UA(lu“i; ht)
UW(Mi; ht) = Eﬁt(ht;s,i’t)UW<,ui; ilt)

- ﬁf(“i;ht?sfi,t)UW<ui; ht) + Eﬁy(ﬂi;hﬁsfi,t)UW(:ui; ht)

Since
Vhy € H (15 hey 5-i), U (i he) > U (s )
Vhe € HY (i hey 5—i4), U (s he) > U (s he)
we have
iU ) B 0" ) > (0 s s U s )

All the remaining individuals prefer to wait for the new information and make
the appropriate decision. Thus, they welcome the new information in the ex ante

sense.
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The announcements of future disclosure of public information will increase the
individuals’ incentive to wait until its disclosure. In this case, some individuals
may be worse off. For example, for the continuous private signal space, given the
original equilibrium strategy profile {y;(h;)}:, now at the beginning of period 7
there is an announcement saying that in period 7 + 1" there will be a disclosure
of public information. With this announcement the equilibrium strategy profile
changes to {fij(h¢)}:. Then for any history h;, we have fi;(h;) > ui(hy) V7 <
t <74 T. There exists the possibility that fiy,,(hir1) < pts < py(he). For these
individuals, they will upgrade in period ¢ + 1 in both equilibria. But with less

information in the new equilibrium, they are worse off.
(ii) Disclosure of public information in the waiting herding phase

Similar to the disclosure of public information in the strategic phase, if there is
a disclosure of public information in the waiting herding phase, either unexpected
or expected, all the remaining individuals welcome the new information. They
prefer to wait for the new information and make the appropriate decision. The
waiting herding phase is indeed not robust as the disclosure of public information
only needs to induce the most optimistic individuals among the remainders to
upgrade. A small amount of positive information about the new software pack-
age A can shatter a waiting herding phase. Then a new strategic phase starts.

Everyone is better off in the ex ante sense.

Since in the waiting herding phase everyone has already waited, the announce-
ments of future disclosure of public information even more greatly increase the
incentive to wait. The waiting herding continues until the disclosure of public

information happens.
(iii) Multiple disclosures of public information

Unlike BHW| even though multiple disclosures of public information can even-
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tually shatter a waiting herding phase, they cannot always rule out the possibility
that individuals settle into the wrong upgrade herding. Suppose the multiple dis-
closures of public information eventually reveal that waiting is the better choice.
But as long as the individuals are optimistic enough, they will not wait for the
possible future multiple disclosures of public information. Furthermore, the up-
grade herding phase could start before the true value of the new software package

A is revealed. The game may end with the wrong upgrade herd conclusion. m
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CHAPTER 2

Robust Herding with Endogenous Ordering and

Two-Sided Commitment

2.1 Introduction

How do people make sequential decisions under imperfect information? One
may learn from his own experiences or from other people’s choices. For instance,
individuals currently using a particular software package may also have the choice
of upgrading to a new software package. They may have some knowledge about
the new software package. But if the new software package is brand new and
private information is limited, individuals may be inclined to wait for other people
to discourse more information about the newly released software before they take
any action. If the information previously aggregated dominates their own private
information, individuals ignore their own private information and follow their
predecessors — herding occurs.! Herding prevents the aggregation of information.
Therefore, the initial realization of signals can have long-term consequences and
herd behavior is often error prone. The decisions of the first few individuals’ can

have a disproportional effect.

ICelen and Kariv (2004) attempt to make the distinction between herding and information
cascades. They point out that in a herd, individuals choose the same action; but they may
have acted differently if the realization of private signals had been different. In an information
cascade, individuals ignore their own private information and follow their predecessors. Thus,
information cascades in Celen and Kariv (2004) are equivalent to herding in this paper.

48



Bikhchandani, Hirshleifer, and Welch (1992), hereafter BHW, and Banerjee
(1992) investigate herd behavior under exogenous ordering, in which the deci-
sion ordering is exogenously given and only one individual moves in each period.
The restaurant example in Banerjee (1992) may fit the exogenous ordering set-
ting.2 But in many other cases, endogenous ordering which allows individuals
to choose the time of acting or waiting may be more appropriate. For instance,
when individuals decide to buy a new car or computer, they have the option to
buy immediately or to wait. With endogenous ordering, there exist strategic in-
teractions among decision makers. Due to the free-rider problem, some decision
makers may have incentives to delay their decisions and learn from other decision
makers, while others make decisions immediately if they feel confident that their
decisions will produce desirable results. Furthermore, more than one individual
can act or wait during the same period and consequently their decisions can be
clustered together. Thus, under the endogenous ordering setting, the insight will
be completely different from that under the exogenous ordering setting. Our
main question of inquiry is: if we allow decision makers to choose the time of

acting or waiting, will herd behavior be more or less error prone?

Continuing with the software upgrading example, there is a new software
package A available for upgrading. Individuals are currently using a software
package B. It is known that with some prior probability A is better than B.
Each individual also gets a private signal indicating whether A is better or not.
Upgrading to A is an irreversible choice. Once they upgrade to A, they are

committed to their decisions.® But there is no commitment to continuing using

2In the restaurant example in Banerjee (1992), there are two restaurants next to each other.
Individuals arrive at the restaurants in sequence. Observing the choices made by people before
them, they decide on either one of the two restaurants.

3There exists extremely high “disruption costs” involved in upgrading. In other words, we
could see this upgrade as a perpetual American call option. Individuals are free to exercise the
option at any time they want. But once they exercise the option, they cannot reverse their
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B. If individuals have not upgraded, they continue to have the option of doing
so. Thus, the software upgrading example belongs to the setting of one-sided

commitment.

In contrast, the restaurant example in Banerjee (1992) is a two-sided com-
mitment decision problem. Individuals choose between two restaurants. Choos-
ing either one of the two restaurants is irreversible. Once an individual chooses
one restaurant, he cannot go to the other any more. For exogenous ordering,
one-sided commitment is equivalent to two-sided commitment because once an
individual chooses A or B at his turn, he is out of the game and cannot change
his decision any more. But for endogenous ordering, individuals in a one-sided
commitment decision problem have two choices: A or B. If they choose A, they
cannot change. If they choose B, they still have the option of choosing A later.
Individuals in a two-sided commitment decision problem have three choices: A,
B or wait. If they choose A or B, they cannot change. If they choose to wait,
they still have the option of choosing A or B later. In other words, waiting
is equivalent to choosing B in a one-sided commitment decision problem with

endogenous ordering.

In this paper we concentrate on the two-sided commitment case.* We analyze
an endogenous ordering sequential decision model in which decision makers are
allowed to choose the time of acting (exercising a risky investment option A or a
safe investment option B) or waiting. Compared with the one-sided commitment
case, decision makers now have the third choice, exercising a safe investment
option B. To emphasize the information aspect, we focus on pure information
externalities: each decision maker’s payoff only depends on his own action and

the state of nature.

decision.
4Tts companion (Zhang 2007a) investigates the one-sided commitment case.
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Results obtained in the two-sided commitment case are similar to those found
in the one-sided commitment case. That is, with endogenous ordering, if the
number of decision makers is large and decision makers are patient enough, at
any fixed time, nearly all decision makers wait due to the negligible information
disclosed. In this case, if decision makers can be forced to move with an exoge-
nous order, the resulting equilibrium is more efficient because exogenous ordering
tends to aggregate more information. However, one striking result is that with
endogenous ordering and two-sided commitment, even though waiting forever is a
dominated strategy, if the number of decision makers is large and decision makers

are patient enough, decision makers wait too long.

There are some papers which investigate the decision problem with endoge-
nous ordering. For example, Chamley and Gale (1994) investigate a discrete time
investment model which assumes the timing of decisions is endogenous, that is,
individuals try to find the best place in the decision-making queue. In their
model, there are only two types of individuals: those with investment options
and those without. Those individuals without investment options are assumed to
be passive. In contrast, in our model we allow for a finite or an infinite number
of types of individuals. Given one’s own signals, each individual decides whether
to act (exercising a risky investment option A or a safe investment option B)
immediately or to wait and learn the true value of the risky investment option A

by observing other individuals’ actions.

The rest of the paper is organized as follows. Section 2.2 provides the setup
of a general model and shows the existence of a symmetric equilibrium with the
monotonicity property. Then we characterize herd behavior under exogenous
ordering and endogenous ordering and discuss our main results. Section 2.3

concludes.
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2.2 The General Model

In this section, we first provide the basic setup of our general model. Then we

characterize herd behavior under exogenous ordering and endogenous ordering.

2.2.1 Basic Setup

There are N individuals. All are rational and risk neutral. There are two in-
vestment options: a risky investment option A and a safe investment option B.
Assume that the true value of A, denoted by V4, is chosen by nature at the
beginning of the game, and is unknown to the individuals. Individuals only know
V4 follows some prior distribution Fy(V#4), with density fo(V4). The value of
B, denoted by VB, is known to the individuals. To emphasize the information
aspect, we concentrate on pure information externalities: each individual’s payoff

only depends on his own action and the state of nature.

We focus on the case that both exercising A and exercising B are irreversible
binary choices.® The indivisibility of the action space is important. As in Banerjee
(1992), since the choices made by individuals are not sufficient statistics for the

information they have, the error prone herding can occur.®

At the beginning of the game, individual 7 in the market freely observes some

conditionally independent private signal u; € [u, 7], which follows some distri-

bution F(u;|V4), with density f(u;]V4). Assume individuals are more likely to

5There exists extremely high “disruption costs” involved in upgrading. In other words,
we could see these exercising as a perpetual American call option as in Grenadier (1999). In
Grenadier (1999), decisions are made in continuous time and there is a state variable, which
follows some exogenous continuous time stochastic process. In this paper, we assume discrete
time decision and no exogenous state variable.

6Banerjee (1992) assumes a continuous action space and gets similar herding results as BHW.
This is due to the degenerate payoff function as pointed out by BHW. Park (2001) assumes
perfect observability. Therefore, in his model players share the same information and hidden
information is not an issue.
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get a higher private signal (indicating higher value of A) if the underlying V4 is
higher.

Assumption 1: F(u;|V4) satisfies the Monotone Likelihood Ratio Property
(MLRP) with respect to V4, i.e.

Sl Vi)

increasing in  ; YV > Vi
fualVst) ' ’

If individual ¢ exercises A, B, or waits in period ¢, then in the following
periods, everyone knows individual i’s action in period t. The public information
available at the beginning of period t is denoted by h;, which includes the prior
information of V4, actions and the equilibrium strategy profile of all individuals
before ¢t. If an individual does not exercise both A and B, he gets reservation
utility V', normalized to zero. The common discount factor is §. Here, we assume

VB> yo=07

2.2.2 Herd Behavior with Exogenous Ordering

If we assume the ordering of individuals is exogenous, in which only one individual
moves in each period in an exogenously given order, then there are no strategic
interactions among individuals. When it is one’s turn to make a decision, he
decides to exercise A or B given the current public information and his own

private signal.®

The equilibrium decision rule is a sequence of critical values

{1 (he) o

7Otherwise, if VE < V0 = 0, no one will choose B. We are back to the situation of one-sided
commitment. See the companion paper Zhang (2007a) for details.

8Since VB > V0 = 0, no one will choose waiting given their decisions are once and for all.
Therefore, for exogenous ordering, two-sided commitment is equivalent to one-sided commit-
ment (Zhang 2007a).

23



such that the individual making the decision in period t exercises A if his private
signal j1; > p;(he); otherwise, he exercises B.° We can see this sequence of critical
values is not monotone. If the individual in period t exercises A, which indicates
e > pf(hye), this is “good” news for the individual in period t+1. Thus, in period

t+ 1, gy (heyr) < py(he). Conversely, if the individual in period t exercises B,
fig (hern) = pg (ha)-

The game is in the strategic phase when the sequence of critical values {u; (hy) }4
fluctuates in between p and . In the strategic phase, each individual’s decision

depends on both the current public information and his own private signal.

Once the sequence of critical values {u;(h¢)}: “breaks” either one of the
boundaries, herding occurs. A herding phase starts in period 7 if 17 (h;) = p.
The individual in period 7 will exercise A regardless of his own private signal.
His decision is, therefore, uninformative to others. Thus, i (h:) = p;_;(hi—1) = p

Vt > 7 (see figure 2.1). All the following individuals will exercise A.

#(h)a

7

N T N
Strategic Phase A Herding Phase

Figure 2.1: A herding with exogenous ordering

Similarly, B herding phase starts in period 7 if p(h,) = . All the following

9For notation simplicity, we assume the following tie-breaking rule: if an individual i is
indifferent between exercising A and B, he exercises B whenever p; € (u,71] and exercises A

whenever j; = p.

o4



individuals will exercise B and u; (ht) = i1 (hi—1) = 1 ¥t > 7 (see figure 2.2).

(h)a

7 QPoeeoeoo0o-s
L)

T~ T N
Strategic Phase B Herding Phase

Figure 2.2: B herding with exogenous ordering

Since public information disclosed only needs to offset the information from
the last individual’s action before the herding phase starts, both A herding and
B herding are not robust to the public disclosure of information. If in a certain
period N > ¢ > 7 there is some public information disclosed such that p <

pi (hy) < I, then the strategic phase starts again.

2.2.3 Herd Behavior with Endogenous Ordering

If we allow individuals to choose the time of acting (exercising A or B) or waiting,

there exist strategic interactions among individuals.

The timing of endogenous ordering is as follows:

In period 1, each individual decides whether or not to exercise A or
B. 1If he does not exercise A or B in period 1, he gets reservation

utility V9 = 0 and has the option of exercising A or B later.

In period 2, all the remaining individuals decide to exercise A, B or

to wait after observing others’ actions in period 1.
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The subsequent periods are the same as period 2. The game continues
until everyone exercises A or B. The time period is denoted by t,

t=1,2,3, ...

The benefit from waiting is the information revealed about A by other indi-
viduals. The cost of waiting is the difference between the gain from A or B and

the reservation utility.

We first investigate the relationship between the incentive to wait and private
information. We prove any possible symmetric equilibrium must be monotone
with respect to personal private signals. Then, we show the existence and describe
characteristics of a symmetric equilibrium with the monotonicity property by
backward induction in two cases: a continuous private signal space and a finite

discrete private signal space.'’

2.2.3.1 Information and Incentives

The following remark shows that if an individual gets a higher private signal,
given the same history, he believes that V4 will be higher, i.e., the posterior

distribution of V4 satisfies MLRP with respect to private signals.

Remark 2.1

FVA i, ha)

TV ) increasing in VA Vg >

Proof. See the Appendix in the companion paper (Zhang 2007a). m

The benefit from exercising A in period t for individual 7 is:

UA(MiQ hi) = EVAlm;thA (2.1)

10Since the information disclosed through the backward induction construction process may
not be monotone, the equilibrium is not necessarily unique.
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The benefit from exercising B is known and constant in any period:
Ul =v?

The benefit from waiting in period ¢ for individual 7 is:

U (s hes $—it) = S Em,,y (ushoss o) [Maz{U (i By ); U (s hgns $—ip1); UP

(2.2)
where s_;; represents the strategy profile of all other individuals except for indi-
vidual ¢ starting from period t; Hyi1(pi; he; s—it) represents the set of histories at
the beginning of period ¢ 41 given p;, h; and s_;;. From the above equation, we
can solve the benefit from waiting forever U" = 0. Consequently, we have the

following lemma.

Lemma 2.1 Since the benefit from waiting forever UV = 0 and VB > 0, indi-
viduals will never choose waiting forever. They will choose to either exercise A
or B in a finite number of periods. Since both exercising A and B are irreversible

binary choices, that is to say, the game ends in a finite number of periods.

In this paper, we focus on the symmetric equilibrium. The next proposition
proves that for any possible symmetric equilibrium, it must be monotone with
respect to personal private signals. That is, individuals with private signals
indicating higher value of A have a higher incentive to exercise A than to wait or
to exercise B; individuals with private signals indicating higher value of A have

a higher incentive to wait than to exercise B.

Proposition 2.1
(i) U he) —UP  increasing in - p;  Vhy
(i) U (ui; hy; S_it) — UB  increasing in  p; Vhy: S_it

(117) UA(,ui;ht)—UW(ui;ht;S_i,t) increasing i f;  VhyS_iy
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Proof. See the Appendix. m

2.2.3.2 Symmetric Equilibrium with the Monotonicity Property

Proposition 2.2 There exists a symmetric equilibrium with the following mono-

tonicity property.

(i) Case I: Continuous private signal space

The equilibrium strategy profile is a sequence of decreasing critical values
{u(he)}s and a sequence of increasing critical values {uP(h¢)}s. In period
t with history hy, individuals with p > p(hy) exercise A; individuals with

p < pP(hy) exercise B;others wait.
Case II: Finite discrete private signal space

The equilibrium strategy profile is a sequence of decreasing critical values
{u(hy)}: and a sequence of increasing critical values {uP(hy)}:, with two
sequences of probability {thA(ht)}t and {thB(ht)}t. In period t with history
he, individuals with p > pi*(hy) exercise A; individuals with p < uP(hy)
exercise B; the critical type individuals with p = p(hy) exercise A with
probability p,a,; the critical type individuals with 1 = uB(hy) exercise B

with probability p,s,; others wait.'

(ii) Large Number and Patient Individuals: If number of individuals is
large and individuals are patient enough, at any fived time, nearly all indi-

viduals wait due to the negligible information disclosed.

Proof. See the Appendix. m

1 For simplicity, Pu(ny) < 1 and Pub (hy) < 1 are chosen in the construction process so that

there is the possibility for the ui*(h¢) and pP(h:) types of individuals to remain in the game in
period t + 1. Moreover, ui*(hy) is the highest type in period t + 1; uf (hy) is the lowest type in
period t + 1.
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Part (i) is from the construction in the above proposition. For part (ii), if the
number of individuals is large and uf'(h,) strictly smaller than 7z (finite discrete
private signal space: pya strictly greater than 0), by the Law of Large Numbers,
the true value of the risky investment option A will be (approximately) revealed
in the second period. Similarly, if the number of individuals is large and 2 (hy)
strictly greater than g (finite discrete private signal space: Pup strictly greater
than 0), by the Law of Large Numbers, the true value of the risky investment
option A will be (approximately) revealed in the second period. In this case, if
individuals are patient enough, then all individuals will wait in period 1 such that
pit(h1) = @ and pf (hy) = p (finite discrete private signal space: pgza = 0 and
pus = 0). This is a contradiction. Thus, if the number of individuals is large and
individuals are patient enough, in any period oo >t > 1, the game is “almost” the
same as the period 1 game: either u(h;) = p (he_1) or p(hy) =~ p [(hi_1)
(finite discrete private signal space: either pgza = 0 or pza = 0); and either
uB(hy) = pP (hi_1) or puP(hs) ~ uP (hs_1) (finite discrete private signal space:
either pur = 0 or pup = 0). Thus, at any fixed time, there is a negligible

proportion of individuals exercising A or B and so is the information disclosed.

From the above proposition, with endogenous ordering the sequences of crit-
ical values are monotone. Intuitively, in any period ¢, all the individuals with
p > pit(hi_1) exercise A and all the individuals with u < pZ(hs_;) exercise
B before t. In period t, we only need to consider the individuals with pri-
vate signals between pZ(h,_1) and p [ (h_y). Thus, pi(hy) < p(hs—1) and
pi (he) = iy (he-v).

A herding occurs in period 7 when p2(h,) = p2 | (h,_1) (finite discrete signal
space: (i (he) = p2_(he—1); Puan,) = 1). All the remaining individuals exercise

A in period 7 regardless of their own private signal, and then the game ends
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(see figure 2.3). B herding occurs in period 7 when pZ(h,) = p | (h._,) (finite

' (h)
ul(h)
Bl _

" A Herding Phase

Strategic Phase

Figure 2.3: A herding with endogenous ordering

discrete signal space: pZ(h.) = p2 i (hr—1);puep.y = 1). All the remaining
individuals exercise B in period 7 regardless of their own private signal, and then

the game ends (see figure 2.4).

If the game falls into either A herding phase or B herding phase, disclosure
of public information after 7 will not have any effect since A herding phase or
B herding phase only lasts one period. Therefore, both A herding phase and B

herding phase are robust to the future public disclosure of information.

' (h)
B A
#y (hy)
o

B Herding Phase

Strategic Phase

Figure 2.4: B herding with endogenous ordering
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2.2.4 Robustness

We summarize the results of the impact of public information disclosure on herd-
ing behavior under exogenous and endogenous ordering settings respectively in

the following table.!?

Table 2.1: Robustness with respect to Disclosure of Public Information

exogenous ordering endogenous ordering

A herding B herding | A herding | B herding

time of disclosure N >t > 7 | Not Robust | Not Robust Robust Robust

of public information t>N Robust Robust Robust Robust

By the game construction, under the exogenous ordering setting, the game
lasts exactly N periods. Disclosure of public information after period N will not
have any effect. Under the endogenous ordering setting, both A herding phase
and B herding phase only last one period. Disclosure of public information after

7 will not have any effect.

2.2.5 Expected Number of Correct Choices

Proposition 2.3 In the general model, if the number of individuals is large and
individuals are patient enough, exogenous ordering is more efficient than endoge-
nous ordering in terms of inducing a larger expected number of correct choices, if

individuals can be forced to move with an exogenous order.

Proof. From proposition 2.2, with endogenous ordering, if the number of in-

12Here, we only talk about the unexpected disclosure of public information. The companion
paper Zhang (2007a) investigates more variations of public information disclosure.
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dividuals is large and individuals are patient enough, at any fixed time, nearly
all individuals wait due to the negligible information disclosed. In contrast, in
the self-decision case, each individual still utilizes his own private information
and the prior probabilities. Exogenous ordering is even better since it tends to
aggregate more information by forcing some of the individuals to make decisions
in some given periods.If individuals are patient enough, as long as the private sig-
nals and the prior probabilities are informative, exogenous ordering is more likely
to induce a larger expected number of correct choices than endogenous ordering.

2.3 Conclusion

In this paper, we investigate herd behavior of sequential decisions under imperfect
information with two-sided commitment. We provide a framework of endogenous
ordering to allow decision makers to choose the time of acting (exercising a risky
investment option A or a safe investment option B) or waiting. We show the
existence and characteristics of the equilibrium. We find that herd behavior un-
der endogenous ordering is not necessarily less error prone than herd behavior
under exogenous ordering due to the free-rider problem. In particular, if the num-
ber of individuals is large and individuals are patient enough, under endogenous
ordering nearly all individuals are willing to wait and free-ride on others. Con-
sequently, nearly all individuals wait due to the negligible information disclosed.
In this case, if decision makers can be forced to move with an exogenous order,
the resulting equilibrium is more efficient because exogenous ordering tends to

aggregate more information. That is to say, more “freedom” may not be better.

Another feature of the endogenous ordering framework is that in a herding

phase, all the remaining individuals either act (exercising a risky investment
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option A or a safe investment option B) immediately regardless of their own
private signals. Thus, there exists an investment surge (either A or B) when
herding starts. Compared with the exogenous ordering setting, disclosure of
public information has a completely different impact on the strategic and herding
behavior of individuals. In particular, if the game is in A herding phase or B
herding phase, all the remaining individuals exercising either A or B immediately
and the game ends in one period. Further disclosure of public information will

not have any effect.

2.4 Appendix

Proof of Proposition 2.1

(i) By Remark 1, f(V 4|y, hy) satisfies MLRP with respect to p. According to
Landsberger and Meilijson (1990), F(V4|u;, hy) first order stochastic dominates
(FOSD) F(VA|ul, hy) for any p; > . So, U (s hy) > UA(ul; hy) for any hy and
wi > ). Since UP is a constant, we have U“(u; he) — UP increasing in p;, Vh;.

(ii) Let us check the benefit of waiting for individual ¢ who has a private
signal p;. The set of histories Hyy1(ps; he; s—it) can be decomposed into three
disjoint sets: Hf (uis hus s—in), HY (a5 hes s—iy) and HE | (5 hys s—i4), where
Ht’il(,ui; he; s—it) is the set of histories in period ¢ + 1 in which individual i will
exercise A according to some strategy s; of individual ; HKI( iy hes s—i 1) is the set
of histories in period t+1 in which individual 7 will wait according to some strategy

s; of individual 7; and Hﬁl(ui; he;s—it) is the set of histories in period ¢ + 1 in
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which individual ¢ will exercise B according to some strategy s; of individual i.

U (s hes 5—i1) = 6B,y (uishoss o) [Maz{ U (i hayr); U (s hag; s—iag1) 1 UP)

A . w . . B
t+1("”;ht;5*ivt)U (i3 1) + EHXKNM%ht;Sn,t)U (b5 hog1s 5—ieg1) + EHg_l(,ui;ht;Sfi,t)U ]

(2.3)

Similarly, the benefit of waiting for individual ¢ who has a lower private signal

Wi < p; is as following

U (i b 5—it) = 6B,y (ushoss i) [maz{U (15 hes1); U (1) ugrs S—ig1) 1 U]

B
t+1 ]

Ay 1. Wy r. . )
(#Q;ht;s—i,t)U (k35 he1) + EHKl(/‘;;ht;S—i,t)U (b3 heg1s S—i41) + EHﬁl(M;ht;s_i,t)U

(2.4)

By Lemma 2.1, the game ends in a finite number of periods. Suppose the
game ends in period T. No more new information is disclosed after period T,
which means UW (us; he; s_it) = UW (il hey s_it) = 0 VE > T.

Using mathematical induction, suppose UW (115 hyy1; S—ivr1) = UV (1l huga; S—ivr1)
for some t. We need to prove UW (pu;; hi; s—it) = UW (pl; he; s_i4). By equation
2.3 and 2.4,

UW(M; hi;s—it) = 0[Ega

A,
H_l(ui;ht;s,i,t)ﬁHﬁl(,u;-;ht;s,iyt)U (:U'Zaht-l-l)

Aroo.
+ EHﬁl(ui;ht;s_i,t)ﬂHﬁl(#Q;ht;s_i,z)U (i3 heg1)
+ Eya B UA (1135 hag1)
HE (pishess—a, e )NVH Ly (pgshess—ie) 15 1041
+ Eqw . UW (i3 15 5—itr1)
HY ) (pishess—i ) NVHEL ) (pgshess—it) His Ne+15 S—it+1
+ Eow W, UW( chia1: 8 )
Hi+1(/$i§ht§57i,t)mHt+1(Niihﬁs—z‘,t) His 415 S—4 41
+ Eqw B U (1is hig1; S—ier1)
Ht+1(;ui§ht§s—i,t)nHt+1(.u‘i;ht;s—i,t) Mo 415 —i,t+1

B
+ EHg_l(Mz’%hﬁsfi,t)mH{j.l(u;?ht;sfi,t)U
+ E B w / UB
Ht+1(ﬂi§ht§57i,t)nHt+1(.U«Z';ht;sfz‘,t)

B
+ EHEkl(Ni%ht§5—i,t)mH£1(U;?ht;s—i,t)U ]
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U (/’Lwhtvs—z t) - 5[EH

A/ 1.
t+1(u1,ht,s H)HHJrl(ul,ht,s ”)U (:U’iaht-i-l)

/. . .
F B (uishass o0 HY, Gishoss— iU (K23 hes s i)
B
+EHt+1(l/417ht75 zt)mH +1(M“ht75 1t)U
+ Eqw U (pfs hag)
Ht+1(ﬂ1»hty5 'Lt)mHt_Fl(;uthtysfz t) ,LL,L, t+1
W r. e
+EHt+1(szht75 zt)ﬂHtJrl(szhtvS zt)U (Mi’ht+1’s_l7t+1)
+ EHW

t_,'_l(,u,“ht,s 2 t)mH +1(M17ht7571 t)U

+ Eys

A/ 1.
t+1(,u1,ht,s i,¢)NH +1(uz,ht,s ”)U (:U’ivht-I-l)

Wy r. . )
+ EHt-‘rl(:U’l»htys i )NVHNY | (1shess—i, t)U (ks P —ip41)

B
+ EHt+1(,U‘uht,3—1 t)mHt+1(szht75—'L t)U ]

Let us discuss the cases of joint history sets one by one.

For hyy1 € [HA (pis has s—ig) 0V H{ L (1 hey s—i)]s
U™ (s herr) = Ul heyr)
For hyp1 € [HfLy (pis hes s—ie) OV HPY (s hus s—i)],
Uiz hevr) > UY (s hesrs s—iggn) = UY (il hugr; $—iir1)
For hyp1 € [H{ (s hey s—i) 0 HE 3 (1 hus s—it)],
U (pis hegr) > UP

For hyy1 € [HIY (pis has s—ig) OV H{ (1 hey s—i)]s

U (i hegn) = U (i hegn) = U (ufs b))
For hiy € [HYY (s hey s—ig) 0V HIY (0 hes s—it)],

U (i hes1; S—ipr1) = U (ihs hga; S—ip41)
For hyy1 € [H{Y (s has s—ie) OV HE L (1 hey s—i)],

UY (5 hegr) > UP
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For hiyq € [Hgl(ui;ht;s_ivt) N Ht‘il(ug; he; s—it)], since
UP > UA (s hugr) > U (15 hugr)
Hgl(ui; he;s—ig) N H{il(u;; he;s—it) is an empty set.

For hiy1 € [HE (15 hes s—ie) N HYy (155 hies s—i4)], since
UP > U (s hugass—iprr) > UV (il hegns s—iig)
HB

i1 (ki3 by s i) N Hﬁfl(ug; ht; s—it) is an empty set.

For hyy1 € [HE  (pis hus s—ip) N HE (1] hes s—i0)],

UB>uk

Thus, for all joint history sets, the arguments from UW (u;; hy; s_;4) is greater
than or equal to those from UW (pf; hy; s_i4). Thus, UW (u; he; s_i) > UW (s by s_it)

for any ¢. Since UP is a constant, we have
UW (pi; hys s_ip) — UP increasing in - p1;  Vhy; sy

(iii) By the Martingale property,

U™ (pi; he) = By

t+1

(M;ht;sfi,t)UA('ui; hegr) + EHXVH(Mﬁht%S—i,t)UA(Mi; hiy1)

+EHB

t+1

(Mz‘?hﬁsfi,t)UA('ui; ht‘H)
By equation 2.3 and 2.4, for any non-negative integer j
U (i he) = FUY (s b s-ie) = (1= ) Ea uannss U (i3 hu)
- EHﬁl(ui;ht;s_i,t)[UA(M; hivr) — U (i higrs s_ipn)] (2:5)

+ Ey )[UA(M; hee1) — 6 TUP]

g_l(ﬂﬁhﬁsfi,t
U (i he) = U (i b s—ip) = (1 — 5j+1)EHg1(M;;ht;s_i,t)UA(M;; his1)
(ué;ht;s,i,t)[UA(M; hev1) — 5j+1UW(M§$ Puss S—ipr1)] (2.6)

+ EHgl(u;;ht;s_i,t)[UA(M/i; hi1) — 5j+1UB]

+ EHW
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By Lemma 2.1, the game ends in a finite number of periods. Suppose the
game ends in period T. No more new information is disclosed after period T,
which means UW (us; he; s_it) = UV (il he; s_i¢) = 0Vt > T. Thus, U (5 hy) —
STUY (s hy i) = UMNpuls hy) — 80U (il hay s_i) V> T

Using mathematical induction, suppose U (p; hiy1) =07 UY (115 hita; S—ipr1) >

Uil hegr) — 87U (1l hysr; $_i411) for some . We need to prove U4 (p;; hy) —
STUY (jgs hey s_ig) > UA (ks he) — 07U (pl; he; s_i¢). By equation 2.5 and 2.6,

U™ (pis he) — U (s hes s—ip) = (1= 67T [Ega

A .
t+1(uqy;ht;s,i,6)ﬂHtA+1(;L;;ht;s,i,t)U (MZ? ht+1)

Aro. Al
+ EH{A+1(I‘l‘i;ht;sf’i,t)mHt‘,X—l(,u’;;hi;sfi,t)U (i P y1) + EHA L (pishes—i t)mH1+1(ﬂ2§ht§5—i,t)U (ki3 he1)]

¥ B ihs ’mHﬁH(“;;h“s—"v*‘)[UA(/”;ht“) FHUMY (s b s—ipyn)]
- EH”I(M“ht’S 0 )NH P (Hishess—i, t)[UA(/“? hugr) — U (pis hegrs s—_ieq1)]
T B Grsthess s 0nHE (nishess Uiz hegr) = U (i heyas s i)
B s ’)”Ht+1(“2;hﬁ8—m)[UA(Mz'; hi1) — 09U
T EHE (uishess o onHY (rishess t)[U (pis hagr) — 71U P
+ EuB (uishesso.)nHE (ushes o007 (i Pegn) — §H1Y B

U (pishe) = 67U (s hass—ig) = (1 — 5]+1)EH{11( sheis i) NHA

A
(#é;ht;S—i,t)U (153 Peg1)
- EH”l(”“h"s g t)”Htﬂ(HE;ht;S—i,t)[UA(/%‘? hiv1) = 67U (U hugers s—i041)]

+EHA

A Gashess B (s [0 (55 ha) = 870U P

e 6J+1)EHK1(“"’;h“s‘i*t)mHﬁrl(#2§ht:s_7:,t)UA(M;; hit1)

i EHM(M“ht’é " t)nHt“(“;;h”S*i»t)[UA(M;5 hep1) = 8T U (ufs hugrs 5_ig1)]
+ EHW(ul,ht,sﬂ ONHE (]3hess—i, t)[UA(ul-; his1) — 87 HTUP)

(1 - 5j+1)EHB

A1,
t+1(#i;ht;s—i,t)mHﬁrl(#é?ht;s—i,t)U (Mi’ht""l)

+EHB

Coa(pashess—, t)mHtJrl(N;;ht;S—i,t)[UA(/"L;; ht+1) - 5j+1UW(,u;§ hiy1; S*i,t+1)]

+ EHt-H(#z iheis—i )NHE | ()ihess i, t)[UA(“;; ht-‘rl) - 6j+1UB]

Let us discuss the cases of joint history sets one by one.

For hyy1 € [Hi (i he; s—ie) N HEL (1 hes 5—it)],

(1= 6" U (s huga) = (1= 7 TYUA (il by
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For hiyq € [Hﬁﬂui; hy; s—i,t)ﬂHﬁ(l (s he; S—it)], since UW(MQ? hit155—it41) > UA(MQ; hit1),
(=0 (s herr) > (A= TYUA (55 hesa) = U (g hes) =8O (s By s—iern)
For hyyq € [H{_‘H(ui;ht;s_@t) N Hgl(u’i; ht;s—it)], since UB > UA(/A;; his1),
(1= "N (i hesr) = (1= 87U (i hagr) = UA (i hagr) = 67110
For hyi1 € [HYy (i hes s—i ) VH 4y (1455 hes 5-)], since U (ufs her) > U (s heas 5—i41),
U pis higr) — 87U (s hasrs s—iggn) > UA (s hesr) — 80 (il hegrs s—ip1)
> (1- 5j+1)UA(,U;; hit1)
For hypr € [HYY (pas hey s—ig) OV HIY (0 has s—it)],
U (i hagr) — 80 (i hagrs s—igrn) > U2 (s hagr) — 8 0WY (il husr; 5—i041)
For hyy1 € [HyYy (pis he; s—i) 0 H 1 (115 b 5-i)], since UP > UW (i hgas s—igin),
U (i hes1) — U (s hesr; s—ipr1) > Ul husn) — 97U (1 hugrs s—igg)
> U (pf; hegr) — 671U P
For hyp1 € [HE | (pis hey s—ip) 0 Hfy 1 (15 hus s—i0)], since
UP > U (pis hgr) > U (1 hugr)
HE (s has s—i) 0V HE L (1 he; —i) is an empty set.
For hyyq € [Hgl(ui; he;s—ig) N Hﬁl(u;;ht;s_i,t)], since
Uk > UW(/M; hit1;5—it41) > UW(N;% hiy1;5-i441)
HE (s hay s—ie) 0V HY (15 he; s—i) is an empty set.
For hyt1 € [HE  (pis hey s—ie) OV HE (1 has s—it)],
UA (s heg1) — UP > UA (s huga) — 97105
Thus, for all joint history sets, the arguments from U (pu;; hy) =87 U (35 hys 8
is greater than or equal to those from UA(ul;hy) — S7UW (i hy;s_i). Thus,
Uiy he) — U™ (g hey s—ig) > UA(pl; he) — S9UW (il hyy s_iy) for any ¢. Let

j =0, we have UA(p;; he) — UW (ui; hy; s_i ) increasing in g, Vhe;s_i;. ®
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Proof of Proposition 2.2

(i) Case I: Continuous private signal space

Let G, (h;) represent the subgame starting from period ¢ with history h;, where

n is the number of individuals remaining in this subgame.'® Use backward in-

duction.

Step 1 Start from the subgame with only one individual, G, (h;). We can find

a critical value pf(h;) which is the solution of UA(uf(h);hy) = UB. In
this case, uf(h:) = pl(h;) = pP(hy). If the individual’s private signal

> i (he), he will exercise A; otherwise, he exercises B.

Step 2 Now consider the subgame with two individuals Gy (h:). By Lemma 2.1,

this subgame ends in a finite number of periods, which means in some
period, say T, p#(hy) = pZ2(hr). This subgame could have been end or
evolved to a subgame with only one individual in some period t < s < T,
depending on the realization of private signals of these two individuals.
Thus, to find the pair of critical values {u(h;), uZ(h¢)} in period t, we
must construct the entire scheme of pairs of critical values from period ¢ to
T { g (ho), 1 (hs) Yoz, with pg(hr) = pf (hr).

Using backward induction, start with any arbitrary us(hy) = p2(hr). Cer-
tainly, it must lie in between {u* | (hi_1), u2 (hi—1)}. Since T is the last

period, we have

U (hr); hy) = UP > U (up(hr); hrs s—ir)

hr is the history till period 7', including h;, 2 individuals remaining in the

game, and their private signals are in between {u4 | (hr_1), 2 (hi_1)}.

13

n must be compatible with h;.
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s_ir is the strategy profile of the opponent, in which the opponent will
exercise A if his private signal is greater than p4(hr), otherwise exercise
B. We have one equation, one inequality, and only 2 unknowns p#_(hr_1)
and p£_(T;_1). Thus, we can solve the range of {u# | (hr_1), pZ_(hi_1)},
in which the game ends in period T with uf(hr) = u2(hr).

Then back to period T"— 1, we have the following equations.

Uity (hr—1); he—1) = UV (i (hr—1); hr—1; $—ir—1)

UP =UY (uZ_y(hr_1);hr_1;8_i7—1)

Similarly, we can solve the range of {u4 _,(hr_3), u¥_5(hi_5)}, in which the

game in period T—1 with the pair of critical values {p4 | (hr_1), pZ_(hi—1)}.

Backward till {u | (hs_1), u2 ;(hs_1)} is in the range of pair of critical values
such that the game ends in period T' with p4(hr) = 2 (hy). In this process,

we might try different values of yis(hy) = puZ(hy).

Step N Continue to the subgame with NV individuals Gy (h;). Similarly as previ-

ous steps, start with any arbitrary p# (hy) = p2(hr) to construct the entire

T

scheme of of pairs of critical values from period t to T, {u(hs), uZ(hs)}L,,

with pf(hr) = p2(hy). Try different values of p#(hy) = pZ(hy) till
{u [ (hy—1), P [(hy_1)} is in the range of p